Deformations of generalized calibrations and compact non-Kahler 
manifolds with vanishing first Chern class 



Jan Gutowski^, Stefan Ivanov^ and George Papadopoulos^ 



1 . Department of Physics 
Queen Mary University of London 
Mile End, London El 4NS. 



2. Department of Mathematics 
University of Sofia 
"St. Kl. Ohridski" 



Department of Mathematics 
King's CoUege London 
Strand 
London WC2R 2LS 



Abstract 

We investigate the deformation theory of a class of generahzed cahbrations in Riemannian man- 
ifolds for which the tangent bundle has reduced structure group U(n), SUin), G2 and SpinlJ). 
For this we use the property of the associated calibration form to be parallel with respect to 
a metric connection which may have non-vanishing torsion. In all these cases, we find that if 
there is a moduli space, then it is finite dimensional. We present various examples of generalized 
calibrations that include almost hermitian manifolds with structure group U{n) or SU{n), nearly 
parallel G2 manifolds and group manifolds. We find that some Hopf fibrations are deformation 
families of generalized calibrations. In addition, we give sufiicient conditions for a hermitian 
manifold (M, 5, J) to admit Chern and Bismut connections with holonomy contained in SU{n). 
In particular we show that any connected sum of fc > 3 copies of x admits a hermitian 
structure for which the restricted holonomy of a Bismut connection is contained in S't/(3). 



1 Introduction 



Riemannian manifolds with structure group a subgroup of an orthogonal group under mild topo- 
logical assumptions admit a connection for which its reduced holonomy is a subgroup of the 
structure group. This connection is not necessarily the Levi-Civita connection but it may have 
non-vanishing torsion. The existence of such a connection with reduced holonomy a subgroup of 
an orthogonal group does not imply other geometric properties on a Riemannian manifold, like 
for example irreducibility. This is unlike the well-known case that involves the reduction of the 
holonomy group of the Levi-Civita connection which has led to Berger's classification list. Nev- 
ertheless the question arises as to whether the reduction of the structure group of a Riemannian 
manifold is related to some underlying geometric structure. 

The aim of this paper is three-fold. First, we shall show that Riemannian manifolds which 
admit a metric connection with holonomy an appropriate subgroup of the orthogonal group may 
have submanifolds which are calibrated with respect to a generalized calibration. Second we 
shall investigate the moduli space of these calibrated submanifolds. Finally, we shall show the 
existence of a large class of hermitian manifolds with trivial canonical bundle which admit either 
a Chern or a Bismut connection which has reduced holonomy contained in SU (n) . Our latter 
result can be though off as a generalization of the Calabi-Yau theorem in the context of hermitian 
manifolds which are not Kahler. 

Generalized calibrations were introduced by Gutowski and Papadopoulos and further 
investigated in jl^ to describe the solitons of brane actions with a non-vanishing Wess-Zumino 
term. These solitons are certain submanifolds which minimize an energy functional and are 
associated with calibration forms. These forms, unlike the case of standard calibrations, are 
not closed. In what follows we shall use the term generalized calibration to refer to both the 
calibration form and the calibrated submanifold. The distinction between the two will be clear 
from the context. 

In this paper, we shall demonstrate that generalized calibrations arise in the investigation of 
manifolds that admit a metric connection with possibly non-vanishing torsion which has holon- 
omy an appropriate subgroup of the orthogonal group. Although, generalized calibrations can be 
investigated independently, their use in manifold theory becomes more transparent in the context 
of holonomy groups and in manifolds with reduced structure group. This is because for certain 
holonomy groups, like for example those that occur in Berger's list; U{n) (2n), SU{n) (2n), 
Sp{n) ■ Sp{l) (4n), S'p(n)(4n), G2 (7) and Spin{7) (8), manifolds admit paraHeZ calibration forms 
which however are not necessarily closed; in parenthesis we have denoted the real dimension of 
the associated manifolds. Such forms give rise to generalized calibrated submanifolds which are 
minima of the energy functional 



where Z is a k-dimensional submanifold and -i/i is a calibration form of degree fc, dip =/= 0. The 
submanifolds that minimize E arc not necessarily minimal. 

We shall focus our investigation to the generalized calibrations associated with the holonomy 
groups U{n) (2n), SU{n) (2n), G2 (7) and Spin{7) (8). We shall show that in most of these cases, 
the differential system associated with the deformation of the above generalized calibrations is 
elliptic. So if the moduli space of a generalized calibration exists, then it is finite dimensional. We 
shall not investigate the obstruction theory; this will appear in another publication. We shall also 
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compute the second variation of the energy functional. The differential systems that arise in the 
deformation of generalized calibrations will also be investigated for various classes of manifolds 
that admit connections with the above holonomy. We shall see that in some cases they become 
simplified. We shall also give a large number of generalized calibrations as submanifolds of group 
manifolds, complex manifolds and homogeneous spaces. In particular, we shall show that some 
Hopf fibrations are families of generalized calibrations. 

In the second part of the paper we shall focus on hermitian manifolds with vanishing first 
Chern Class. This is because they are a generalization of Calabi-Yau manifolds. Recently such 
manifolds have found applications in the investigation of Reid's conjecture and of mirror symme- 
try. This conjecture can be stated as follows: Let X be a three-dimensional Calabi-Yau manifold 
and suppose that X can be blown down along a rational curve to a possibly singular manifold 
Yi. Such singularities of Calabi-Yau manifolds can be removed by a small deformation. Let Yi 
be the smooth deformation of Y. Now Yi has trivial canonical bundle and 62(^1) — b2{X) — 1. 
Continuing this procedure, we shall end up with a smooth manifold X with trivial canonical bun- 
dle and b2{X) = 0. So X cannot be Kahler. The conjecture is that if X and Z are Calabi-Yau 
manifolds with b3{X) = b3{Z), then Z is in the same deformation class of X. 

The canonical bundle of a hermitian manifold can be topologically but not holomorphically 
trivial. For the definition of the former we take that the first Chern class vanishes. For the defi- 
nition of the latter, we take that the canonical bundle admits a nowhere vanishing holomorphic 
section. We remark that there are canonical bundles which are topologically but not holomor- 
phically trivial, such as the canonical bundle of SU{3). It was discovered recently by Hitchin 
that complex three-folds with holomorphically trivial canonical bundle appear as critical points of 
a certain diffeomorphism invariant functional on the space of differential three-forms on a closed 
six-dimensional manifold. 

There are several connections on hermitian manifolds compatible with both the hermitian 
metric and complex structure which coincide with the Levi-Civita connection in the Kahler case. 
Amongst these connections the Chern connection is the unique connection for which the torsion 
2-form is of type (2,0)-f (0,2), and the Bismut connection for which the torsion is a three form. 
The latter connection was used by Bismut to prove a local index formula for the Dolbeault 
operator when the manifold is not Kahler; vanishing theorems for the Dolbeault cohomology 
on a compact Hermitian non-Kahlcr manifold were found pH |2^ . For other applications 
of the Bismut connection see |2^. In particular in |22|] obstructions have been found 

to the Hodge numbers for hermitian manifolds whose Bismut connection has reduced 

holonomy contained in SU{3). 

Given a hermitian manifold (M, g, J) with vanishing first Chern class, we give some sufficient 
conditions for {M,g,J) to admit a Chern or a Bismut connection with restricted holonomy 
contained in SU (n). The main tool that we shall use for the investigation of hermitian manifolds 
with trivial canonical bundle is the i99-lemma. This lemma is valid for any compact Kahler 
manifold but there are non-Kahler spaces satisfying the dd-\emma. A result of Deligne states that 
any Moishezon manifold is cohomologically Kahler and therefore it satisfies the dd-\emma. The 
9i9-lemma also holds for any compact non-Kahler 3-fold with holomorphically trivial canonical 
bundle which is diffeomorphic to connected sums of fc > 2-copies of x S'^ One of our 

main goals is to prove the following 

Theorem 1 On a connected sum of k > 2-copies of x there exists a hermitian structure 
with restricted holonomy of the Bismut connection contained in SU{3). 
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The celebrated Yau's solution of the Calabi conjecture |35 states that on a 2n-dimensional 
compact complex manifold with vanishing first Chern class of Kahler type there exists a Kahler 
metric with restricted holonomy contained in SU(n) (Ricci flat Kahler metric). For non-Kahler 
manifolds, it appears that the following holds: 

Conjecture 1 On any 2n- dimensional compact complex manifold with vanishing first Chern 
class there exists a hermitian structure with restricted holonomy of the Bismut connection con- 
tained in SU(n). 

Clearly this statement is true for connected sums of fc > 2-copies of x in view of 
Theorem |l|. It is also true for Moishezon manifolds and for compact complex manifolds with 
vanishing first Chern class which are cohomologically Kahler as we demonstrate in sections 17 
and 18 below. 

This paper has been organized as follows: In sections two and three, we give the definition 
of generalized calibrations and introduce the energy functional. In section four, we compute 
the second variation of the energy functional and demonstrate the relation between generalized 
calibrations and reduced holonomy. In section five, we examine the deformations of a class 
of almost hermitian calibrations. In section six, we derive the deformation equations of SAS 
calibrations and in section seven, we explore them in various special cases. In section eight, 
we give many examples of SAS calibrations and deformation families. In section nine, we give 
the deformation equations of generalized co-associative calibrations. In section ten, we give the 
deformation equations of generalized associative calibrations. In section eleven, we investigate 
the deformation equations of generalized associative and co-associative calibrations in various 
manifolds with special G2 structures. In section twelve, we give many examples of associative and 
co-associative calibrations that include various deformation families. Some Hopf fibrations are 
such deformation families. In section thirteen, we give the deformation equations of generalized 
Cayley calibrations and in section fourteen we give a group manifold example. In section fifteen, 
we summarize some useful formulae for hermitian manifolds. In section sixteen, we investigate 
the existence of Chern connections with holonomy SU(n) on hermitian manifolds with trivial 
canonical bundles and in section seventeen we investigate the existence of Bismut connections 
with holonomy SU{n) on hermitian manifolds with trivial canonical bundles. In section eighteen, 
we give the proof of theorem one and in section nineteen, we give examples of manifolds with the 
holonomy of Bismut connection contained in S'[/(3). 

Acknowledgements. We would like to thank T.Pantcv and V. Tsanov for helpful discus- 
sions. J.G. is supported by an EPSRC postdoctoral grant. S.I. is partially supported by Contract 
MM 809/1998 with the Ministry of Science and Education of Bulgaria, Contract 353/2000 with 
the University of Sofia "St. Kl. Ohridski". S.I. is a member of the EDGE, Research Training 
Network IIPRN-CT-2000-00101, supported by the European Human Potential Programme. CP. 
is supported by Royal Society University Research fellowship. Part of this work was done while 
one of us CP. was participating at the M-theory programme of the Newton Institute. 



2 Generalized calibrations and relative de Rham Cohomol- 

ogy 

Here we shall describe some of the main properties of generalized calibrations using relative de 
Rham cohomology. Generalized calibrations were defined in [pT| in the context of understanding 
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the solitons of brane actions with a Wess-Zumino term. In manifold theory, these solitons are 
certain submanifolds of a manifold which admits an appropriate form. These submanifolds are 
not minimal but they are the minima of a certain energy functional. We begin with a definition 
of generalized calibrations and in particular of the energy functional. 

Definition 

A generalized calibration of degree fc is a k-form (j) on an oriented manifold M which satisfies 
at every point p the inequality 4'{C)\p 1 for every oriented k-plane ^ in TpM. 

For standard calibrations it is assumed in addition that is closed, d(j) — 0. This is not the 
case here. 

Definition 

The contact set Cp{(j)) at a point p E M of a calibration (p is 

Cp = {e e Grik, TpM) : 0(0 = 1} . (2.2) 

For calibrations of interest the contact sets are not empty. 
Definition 

Generalized calibrated submanifolds X oi M are those for which 4>{TpX) = 1 at every p G X. 

In what follows we shall refer to both (p and X as "generalized calibrations" of M. The 
distinction between the two will be clear from the context. 

Generalized calibrations minimize a family of functionals |l7| . Here we shall repeat the 
analysis using relative homology and relative de Rham cohomology. Let M be a manifold and N 
a submanifold of M with dimA^ > k. Suppose that (a, f3) is a pair of forms such that a € fi'^^^ (M) 
and P e n''{N). In addition assume that /3 is a calibration. Next suppose that i^T is a submanifold 
of N. Take an open ball D C K and consider the functional 

£{D,L)=Vo\{D)- J a , (2.3) 

where L is a submanifold of M such that dL = D + Y. We shall refer to £ as the energy of D. 

We shall show that the functional £ is minimized whenever D C X and X is a calibrated 
submanifold of N. However before we proceed to show this consider Di and D2 two open balls 
in N such that dDi = dD2. Then we have 

/ P- f a-{f /3- f a)^f/3~fa (2.4) 

JDi j Li J D2 J L2 JS Jz 

where dL2 = Y + D2 and S* = _Di — is the sphere in iV which can be constructed by gluing the 
discs Di and D2 along the common boundary taking into account their relative orientations. In 
addition Z is obtained by gluing Li and L2 along Y and so it has boundary dZ = dLi — dL2 = 
{Y + Di) - {Y + D2) = Di - D2 = S. So Z is a cycle in M relative to the submanifold N and 
ZeHk+i{M,N). 

Now suppose that (a, /?) represents a trivial class in the relative de Rham cohomology 
H^^^(M,N). Recall that the cohomology operator d in relative de Rham cohomology is de- 
fined as d{a, (3) = {da, a|jv — df3). Therefore [{a, /?)] is a trivial class iff a is exact, a = ^7, which 
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implies that d(7|jv ~ /3) = 0, and — /3 is an exact form in N, ~ (3 — dQ. In such a case, 
we have 



and so 



(3- / a = (2.5) 
s J z 



p- a-{ (3- a)=0. (2.6) 

Di J Li JD2 JL2 



Theorem 2 Let (a,/3) represent the trivial class in H^'^^{M^N) and (3 be a calibration form in 
N. Then calibrated submanifolds X of N minimize the functional £{Di, Li). 

Proof: Let X be a cahbrated submanifold of N and Di a disc in X. Then we have 

8{Di,Li) = Xo\{Di)- I f (3 ~ f a=f f3 - f a < Vol(D2) - / a = £{D2,L2). 

J Li J Di J Li J D2 J L2 JL; 

(2.7) 

The first equahty follows from the definition of the functional. The second equality follows from 
the assumption that X is calibrated. The third equality follows because the class {a, (3) is trivial 
in H^^^ {M, N). Finally the inequality follows from the definition of generalized calibration. 

Q.E.D. 



Next we shall investigate some of the properties of the functional (2^). In particular we have 
the following: 

Theorem 3 Let K be a closed submanifold of N C M and L a submanifold of M such that 
dL ~ K. In addition assume that ia,f3) represent the trivial class in HdFi^{M, N). Then the 
functional £ (K , L) is independent of the choice of L. 

Proof: Let L' another submanifold of M such that dL' — K. Then we have 

£{K, L') = Yo\{K) - [ a = Vol(if ) - / 7 Vol(X) - [ a = £{K, L) . (2.8) 

JL' JK Jl 

The first equality follows from the definition. The second equality follows from Stoke's theorem 
because a is exact and so a — d'y. The third equality also follows for the same reason as the 
second, and the last follows from the definition of the functional £. Q.E.D. 

Remark 1 Suppose that {a, f3) represents a class in iJ*''+^(il/, iV; Z). Then it is straightforward 
to see that the functional £{K, L) mod Z is independent of the choice of L. 



3 Special Cases 

A special case of interest is whenever the generalized calibration form [3 is defined as a generalized 
calibration on M . For (a, (3) to be a trivial class, a = dj, a = d(3 and ^ — (3 = dC, must be an 
exact form in M . In such a case the functional £ can be written as 

£{D) = Vol(i:») - / 7 . (3.9) 

JD 
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If X is a compact calibrated submanifold of M with boundary dX^ then 



E{X) = - [ C . (3.10) 

JdX 



In particular if X is closed, then £{X) = 0. Since £{Z) > if Z is a closed but not calibrated 
submanifold of M, calibrated closed submanifolds of AI are global minima of £. Another special 
case to consider is whenever a — d'y, and we choose 7 = /3. This is the case which we shall focus 
on later. The functional £ in this case is 

E{D) = Vol{D) - / /3 . (3.11) 

JD 

It is worth adapting the main theorem of generalized calibrations to this case. In particular we 
have the following: 

Theorem 4 Let P be a generalized calibration in M ; then calibrated submanifolds X of M min- 



imize the functional E in (3.11) 



Proof: Let X be a calibrated submanifold of M and D an open ball in X. Next let D' an 
open ball in M, such that dD = dD'. Then we have 

E{D) ^ Yo\{D) -[f3^[f3-[f3^0^[ (3- [ (3 < Vol(D') - [ (3^ E{D') . (3.12) 
Jd J D J D J D' Jd' J D' 

The equalities are obvious. The inequality follows from the defining property of the calibration 

form. Q.E.D. 

The energy ( |3.11 ) vanishes when evaluated at every calibrated submanifold X of M. In 



addition E{Z) > if 2' is not calibrated and therefore calibrated submanifolds are global minima 
of E. From now on, we shall focus on the calibrated submanifolds which are the minima of the 
functional ( [3.11 ). 



Remark 2 Standard calibrations for which the calibration form is closed df3 = are special 



cases of the generalized calibrations associated with the functional (3.11). The only difference is 
that the energy functional used for standard calibrations is the induced volume Vol. Calibrated 
submanifolds under the standard calibrations are minimal. For the generalized calibrations the 



functional (3.11) is not the induced volume but nevertheless it can be identified with the "energy" 
of the submanifold. Observe that the relation between ^3.ll[ ) and induced volume evaluated on a 
closed submanifold Z of M is 

E{Z) = Yol{Z) - (3[Z] . (3.13) 

The last term depends only on the cohomology class of p. In particular it does not contribute in 
the equations for the criticality of E and so the generalized calibrated submanifolds X are minimal. 
Conversely, if (3 is a closed form, then minimal submanifolds of M minimize the energy functional 
E. 
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4 Deformation of generalized calibrations 



4.1 The second variation of the energy functional 

Here we compute the second variation of the energy functional evaluated on a calibrated sub- 
manifold. Suppose X is a calibrated submanifold of M with respect to a generalized calibration 
0, and let X{t) be a 1-parameter family of submanifolds of M with X(0) = X. In addition let 
dvo\{t) = dvo\{X{t)) be the volume form of X{t), and (t){t) be the restriction of the calibration 
form on X{t). Since dvo\{t) and (j)(t) are top forms on X{t), we have 4){t) = X{t)dvo\{t) for some 
function X{t) where A(0) = 1. This condition follows because the volume form of a calibrated 
submanifold is equal to the calibration form. Setting E{t) — E{X{t)), we have that the energy 
functional ( p. 11 ) is 



m 



X{0) JXiQ) 
Xit) JX(t) 
X JX 



{X{t)dvol{t) - (f?{t)) . (4.14) 

X 

Thus J-^ X{t)dvol{t) — (f){t) is independent of t. Differentiating the energy functional twice and 
evaluating at t = 0, we obtain 

^i?Wk=o = - ^ ^A(t)|,.odvol(0) - 2^ |A(t)|,=o|dvol(t)|,.o , (4.15) 



where we have used A(0) = 1 and (4.14). To proceed with the computation of the second variation 
of the energy functional, we shall show that ^A(t)|t=o = 0. This a consequence of the calibration 
bound. In particular we have the following: 

dvol(i) - (j){t) = (1 - X{t))dvol{t) . (4.16) 

Evaluating this on an appropriately oriented orthonormal basis and using the calibration bound, 
we find that X{t) < 1. Since A(0) = 1 is a maximum, we have ^A(i)|t=o — 0. 
To conclude, the second variation of the energy is 

^m\t=o = -J^ ^A(t)|t.orfvol(0) . (4.17) 

As in the case of standard calibrations, the second variation of the energy can be computed 
in terms of the normal vector field V. The proof is similar to that given in The result is 
summarized in the following theorem: 

Theorem 5 

^E{t)\t=o = ^ (||V^F|pdvol(0) - V^V^0 - zv^y^v-v'/' " 2i^^yVl.cj)) (4.18) 
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where Vy is the Levi- Civita covariant derivative of M along the normal direction V of X and 
V"*"!^ is the covariant derivative of the normal bundle of X in M induced by the Levi- Civita 
connection of M. 

4.2 Special holonomy and generalized calibrations 

Let (M, g) be a Riemannian manifold which admits a metric connection V with possibly non- 
vanishing torsion and holonomy contained in one of the groups U(n) (2n), SU{n) (2n), Sp{n) 
(4n), Sp{l) ■ Sp{n) (4n), G2 (7) and Spin{7) (8); the entry in (•) is the real dimension of M. 
Manifolds with such holonomy admit generalized calibration forms. These are forms parallel 
with respect to the connection V. In what follows we shall not investigate all cases. Rather we 
shall focus on Riemannian manifolds (M, g) which admit a metric connection V with possibly 
non- vanishing torsion and holonomy U{n) {2n), SU{n) (2n), G2 (7) and Spin{T) (8). The general 
theory of deformations of generalized calibrations will be developed without further assumptions. 
However in many examples that we shall present later, we shall require that (M, g) satisfies some 
additional geomcrtric conditions in addition to those that are a consequence of the reduction 
of the structure group of TM. These will simplify some aspects of the deformation theory 
of generalized calibrations and in particular the deformation equations. In particular we shall 
consider the following cases: 

Holonomy U (n) 

Suppose that a Riemannian manifold {M,g) (dim M = 2n) is equipped with a metric con- 
nection V whose holonomy is contained in U{n). Then M admits an almost complex structure 
J, = —1, which is parallel with respect to V and the metric g is hermitian with respect to 
J, g{JX, JY) = g{X, Y) for X, Y vector fields on M. Therefore (M, g, J) is an almost hermitian 
manifold with compatible connection V. Conversely, let (Af, J, g) be an almost hermitian mani- 
fold, then (M, J,g) admits a connection V with holonomy contained in U{n). Such a connection 
V can be constructed from the Levi-Civita connection of g as 



where X, Y arc vector fields on M. It is straightforward to verify that g and J arc V-parallel, 
Vf? = VJ = 0. Note that any almost hermitian manifold {M,g, J) has a Kahler form ^1{X, Y) = 
g{X, JY). Cl is V-parallel but it is not closed, dQ ^ 0. 

Proposition 1 Let {M, g, J) be an almost hermitian manifold and fl be the associated Kahler 
form. The forms 4>k = -^P-^ are generalized calibrations of degree 2k. The contact set at every 
point of M is G'r(fc,C"). 

Proof: To show this, we shall demonstrate the above statement at a neighbourhood U of a, 
point p € M. Then because (pk is parallel, it will hold everywhere in M. We remark that there 
is a neighbourhood of a point p E M and a local frame {e°,e'';a = l,...,n}, (e" = (e")), of 
(M, g, J) such that the metric and Kahler form can be written as 



Vxy = v^y--j(v^j)y , 



(4.19) 



n 



9 = 




a,6=l 
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n ^ -lY. S,-,e- A . (4.20) 

a,b=l 

Observe that in such a frame the metric and Kahler form take the standard form of a Euchdean 
metric and (almost) complex structure on M " = C". It follows that (j)k are calibrations from 
Wirtinger's inequality on M From the same inequality it follows that the contact set consists 
of the complex k-planes in M^" = C". All the planes of the contact set can be constructed by 
acting with U (n) on the k-plane 

eo-{(zi,...,^fc,0,...,0):zi,...,ZfeeC}cC" . (4.21) 

Q.E.D. 

The calibrated submanifolds X are almost hermitian submanifolds of {M,g,J). Both the 
metric and almost complex structure on X are induced from those on M; the almost complex 
structure on X is induced from that on M because at every point p E X, the holomorphic 
subspace of TpX (g) C is identified with a complex k-plane of the contact set at p. Observe that 
the dimension of the contact set at every point is 2fc(n — 1). We shall refer to these generalized 
calibrations as almost hermitian calibrations. These results can be summarized as follows: 

Corollary 1 The almost hermitian calibrations of degree 2k of an almost hermitian manifold 
{M,g,J) are almost hermitian submanifolds of real dimension 2k. 

Suppose that {M,g,J) is a hermitian manifold, i.e. the almost complex structure J is inte- 
grable. It is known that such manifolds admit various connections V with non-vanishing torsion 
such that Wg — WJ — 0. Because of this the holonomy of all such connections V is contained 
in U{n). Again the forms <pk — y,^^ are generalized calibrations. The contact set at every 
point of M is Gr{k,C"). The proof is identical to the one given above for the almost hermitian 
manifolds. In this case, the calibrated submanifolds X are hermitian submanifolds of {M,g, J). 
In particular, they are complex submanifolds. To show this observe that the Nijenhuis tensor 
of X vanishes because the complex structure J of M is integrable. Such calibrations have been 
called hermitian calibrations in JlTf . These results can be summarized as follows; 

Corollary 2 The hermitian calibrations of degree 2k of a hermitian manifold {M,g, J) are her- 
mitian submanifolds of real dimension 2k. 

Holonomy SU {n) 

Suppose that a Riemannian manifold (Af , g) (dim M ~ 2n) admits a metric connection V 
whose holonomy is contained in SU{n). In such a case (M, g) admits an almost complex structure 
J such that (M, g, J) is an almost hermitian manifold equipped with a (n,0)-form ip such that 
Vf; = V J = V?/' — 0. Compatibility of these conditions requires that the form -0 is appropriately 
normalized. In particular 

(_l)|("-i)«(l)»^AVi = dvol , (4.22) 

where ip is the associated (0, n) form and dvol is the volume form of AI with respect to the metric 
9- 
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Conversely, let (M, g, J) be an almost hermitian manifold with topologically trivial canonical 
bundle, then there is a connection V which has holonomy contained in SU{n). To see this, 
observe that (M, 5, J) admits a no-where vanishing (n,0)-form ip but in general ij) fxij) will not be 



related to the volume form of M as in (i.2S). In general, we have 



V' A = (-l)-5(«-i)«+«(2i)«/2^volg (4.23) 

for some nowhere vanishing real-valued function / of M, where ij^ is the associated (0,7i) form. 
Now there are two possibilities to consider. First, define x — f^'^i'- Observe that x is again a 



nowhere vanishing section of the canonical bundle and it is normalized as in (4.22). In such case, 
one can show that the connection 

V.r^' = Vf ^r^' + -,x"''-''-''^f\kk,...k,^^,Y^ + ^x'''"-'"-^Vf^^Xfcfci...fc„-i>^'^ (4.24) 
n! n! 

has holonomy contained in SU{n), i.e. g, J and x are all V-parallel, where V^''' is a c onnection 
with holonomy contained in U{n), V^''^g = V^''^J — 0, such as the one given in ( 4.19| ). 



Alternatively, observe that / is either a positive or negative function. So without loss of 
generality we can take / to be positive because if it is negative we can take |/|. Next define a 
new metric h on M hy h = f~g. Then observe that (M, h, J) is again a hermitian manifold and 



the (n,0)-form ip is normalized as in (4.22) with respect to the new metric h. In such a case, one 
can show that the connection 

has holonomy contained in SU{n), ie h, J and ip are all V-parallel, where V''''^ is a c onne ction 



with holonomy contained in U{n), V'^^'^h = V^''^J = 0, such as the one given in ( 4.1£ ) but 
constructed using the Levi-Civita connection of the metric h. 

Proposition 2 Let {M,g, J) he an almost hermitian manifold, dimM = 2n, with trivial canoni- 
cal bundle and associated parallel (n,0)-form tp. The form (j) — Re(?/;) is a generalized calibration 
of degree n. The contact set Cp at every point of {M,g, J) is SU{n)/SO{n). 

Proof: As in the case of almost hermitian calibrations, we shall prove the proposition in a 
neighbourhood [/ of a point p G M. In such a neighbourhood, there is a local frame {e", e'^ } in 
(M, g, J) such that 
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Y^iier + ie^'r) 



n ^ ^ e'^ A e°' 

a=l 

Ip = (ei+iei')A---A(e" + ie"') . (4.26) 

Again in this frame the metric, Kahler form and (n,0)-form take the standard form of those 
in M These are precisely the data of a SLAG calibration in M Therefore it follows that 
is a generalized calibration from the results of Harvey and Lawson as they apply for Special 
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Lagrangian (SLAG) calibrations. Similarly, it follows that the contact set at every point p G M 
is SU{n)l SO{n). All the calibrated planes can be constructed by acting with SU{n) on the 
standard plane 

eo = {(xi,...,x„,0,...,0) :xi,...,x„ eR}cM'" . (4.27) 

Q.E.D. 

Such generalized calibrations have been called Special Almost Symplectic or SAS for short 
[ p7[ . The SAS calibrations are real middle dimension submanifolds of (A/, g, J). We remark that 
if Keip is a SAS calibration, then Re(e**''0) is also a SAS calibration, where is a constant angle. 

So if (M, g, J) is an almost hermitian manifold with a compatible connection which has holon- 
omy contained in SU{n), then M admits two types of generalized calibrations with calibrated 
submanifolds; the almost hermitian and the SAS. This is reminiscent of Calabi-Yau manifolds 
which have two types of calibrated submanifolds the Kahler and SLAG. 

A special case that we shall investigate later is that in which {M, g, J) is a hermitian mani- 
fold which admits a compatible connection V with holonomy contained in SU (n) . Again these 
manifolds admit two types of calibrations; the hermitian and the SAS. The contact set of SAS 
calibrations is SU{n)/SO{n) at every point of M. 

The above results are summarized as follows: 

Corollary 3 Let {M,g, J) be an (almost) hermitian manifold with trivial canonical bundle. Then 
{M,g,J) admits (almost) hermitian and SAS calibrations. 

Another class of hermitian manifolds (M, J) are those for which the canonical bundle is 
holomorphically trivial. Connections on such manifolds will be investigated in the second part 
of this paper. Such manifolds admit a holomorphic (n, 0)-form ^. Thus V' is closed, — 0, 



but if) is not always normalized as in (4.22). In such a case, as we have explained, we can either 



rescale the form ip or we can rescale the metric g. In particular we can rescale the metric g as 



^ = f~9 so that '0 becomes a calibration form, where / is given in (4.23). Since i}) remains 
closed, the associated calibrated submanifolds are SLAGs and therefore minimal with respect to 
h. Alternatively as we h ave seen, one can rescale the holomorphic (n, 0)-form ip bs x — f~^'4' 



where / is given in ( 4.23| ). In this case, the rescaled form x is a calibration but it is not closed. 



The associated calibrated submanifolds are SAS with respect to the original metric g. 

Another special case that has recently been investigated is that of Kahler manifolds (M, g, J) 
with trivial canonical bundle for which the metric g is not a Calabi-Yau metric. Such manifolds 
have been called almost Calabi- Yau and have been studied in the context of mirror symmetry 
(sec ||2^). Note that as a consequence of the Calabi-Yau theorem, compact almost Calabi-Yau 
manifolds always admit a Calabi-Yau metric. Compact almost Calabi-Yau manifolds admit a 
holomorphic (n, 0) form ^/;, which is therefore closed {dip = 0), but not necessarily parallel with 



respect to a hermitian connection because it does not satisfy the normalization condition (4.22). 
The strategy adopted in this case is to conformally rescale the metric g, as in the case of hermitian 
manifolds with holomorphically trivial canonical bundle above, so that ^ remains closed, and the 
associated calibrated submanifolds are Special Lagrangian and therefore minimal with respect to 
the rescaled metric. Alternatively as we have seen, one can rescale the holomorphic (n, 0)-form 
ip. The associated calibrated submanifolds are SAS with respect to the original metric g. 

In the case that (M, g, J) is Calabi-Yau, then the hermitian calibrations become the standard 
Kahler calibrations while the SAS calibrations become the standard SLAG calibrations. 
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Holonomy G2 



A Riemannian manifold (Af , g) (dim M = 7) equipped with a metric connection V whose 
holonomy is contained in G2 admits a V-parallel three-form ij: and a V-parallel four-form ^ij: 
which is the dual of if). As we shall show these forms '0 a-nd *V' a-re generalized associative and 
generalized co-associative calibrations, respectively. 

Conversely, let (M, g, if)) he a, Riemannian manifold which admits a three- form ?/; that satisfies 
the algebraic conditions of a G2 invariant structure (such a three-form is stable in the terminology 
of ) , then there is a connection V which has holonomy G2 ■ This connection can be expressed 
in terms of the Levi-Civita connection of g and the form ip as 

VuY^ = VlY^ + l^V^V^.V'/^y-'- + ^ * ^P\,rVl * i^r^Y^ , (4.28) 
where F is a vector field. 

Proposition 3 Let [M, g, tp) a seven-dimensional manifold which admits a G2-structure as above. 
The forms ip and ^tp are generalized calibrations of degree three and four, respectively. In both 
cases the contact set at every point of M is G2/ SO{4). 

Proof: To show this, we remark that there is locally a frame {c^; A = 1, . . . , 7} of (M, J) 
such that the metric and the V-parallel three-form ip can be written as 

i, = ei23 + el A (e^^^ - e^^) + A (e^^ + e") + A (e^^ - e^S) , (4.29) 

where e^^ — l\ e^ and similarly for the rest. Observe that in such a frame the metric g and 
parallel three-form iIj take the standard form of a Euclidean metric and G2-invariant three-form 
in M*". It follows that both tp and are generalized calibrations from the results of Harvey 
and Lawson as they apply for associative and co- associative calibrations. It also follows that the 
contact set at every point of Af is G2/ SO{A). All the planes of the contact set can be constructed 
by acting with G2 on the 3-plane 

eo = {(a;i,a;2,a;3,0,0,0,0):a;i,a;2,X3eM}cM^ , (4.30) 

for generalized associative calibrations and on the 4-plane 

^0 = {(0,0,0, X4, 2:5, X6,X7) : X4,a;5,a;6,a;7 e M} C M'^ , (4-31) 

for generalized co-associative calibrations. 

There are many special cases of seven-dimensional Riemannian manifolds that admit con- 
nections whose holonomy is contained in G2. We shall present many of these cases when we 
investigate the deformation theory of generalized associative and co- associative calibrations. 

Holonomy Spin{7) 

A Riemannian manifold (Af, g) (dim M — 8) equipped with a metric connection V whose 
holonomy is contained in Spin{7) admits a V-parallel self-dual four-form $. As we shall see, $ 
is a generalized Cayley calibration. 
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Conversely, let (M, g, $) be a Riemannian manifold equipped with a self-dual four-form $ 
which satisfies the algebraic conditions of a Spin{7) structure, then (M, g, $) admits a connection 
V whose holonomy is contained in Spin(7). The connection V can be expressed in terms of the 
Levi-Civita connection of g as 

VkY' = WlY' + l$^,,,Vf$,'"'='r^ , (4.32) 

where y is a vector field. 



Proposition 4 Let (M, $) be an eight- dimensional manifold with Spin{7) structure as above. 
The forms $ is generalized calibration of degree four. In both cases the contact set at every point 
ofM is Spin{7)/K, where K = S'C/(2) x SU{2) x SU[2)/Z2. 

Proof: To show this, we remark that there is locally a frame {e^; A — 1, . . . , 8} of (M, J) 
such that the metric and the V-parallel self-dual four-form $ can be written as 



9 = Ei-y 



+ (el4 - e23) ^ (g58 _ g67) ^ g5678 (4 33) 

Observe that in such a frame the metric and parallel self-dual four-form take the standard form 
of a Euclidean metric and S'pm(7)-invariant four-form in M^. It follows that $ is a calibration 
from the results of Harvey and Lawson as they apply for the Cayley calibration. It also follows 
that the contact set at every point of M is Spin{7)/K, where K = SU{2) x SU{2) x SU{2)/Z2. 
All the planes of the contact set can be constructed by acting with Spin{7) on the 4- plane 

Co = {{xi,X2,xz,Xi,Q, . . . ,0) : xi,X2,x^,Xi G M} C . (4.34) 

Q.E.D. 



It can be shown that given a self-dual four-form as in (4.33), there is always a connection V 



with torsion a three- form given in ]23| which has holonomy contained in Spin{7). The torsion is 

r = 5$+^*(6lA$) (4.35) 
where 9 = j * (i5<E> A $) is the Lee form of the manifold. 



4.3 Useful Formulae 

For the investigation of the deformation theory of generalized calibrations, we shall use some 
formulae which relate the Lie derivative of a form to a covariant derivative. 

Let X be a k-form expressed as x = ^XAi...AkS^^ A • • • A e^'' in a frame {e^"}. Then 

dx = ^^AM...A,+,e^' A • • • A 6^*^+^ + —1—xa,...a,T^' A e^^ A • • • A 6^*= (4.36) 
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where = Ve^ = ^T^bc^-^ A e*^ is the torsion 2-form of V or equivalently 

T{X, Y) = VxY - VyX -[X ,Y] (4.37) 

for vector fields X, Y. 

The Lie derivative of x with respect to a vector field V = V'^ba, {e^, es) = S'^b, is as follows: 
CvX = {ivd + div)x='^V^H^x)A,A....A,^re^'A---Ae^''+^ 

+ J^^V''XA,BAS...A,T^' Ae^^ A-'-Ae^" 
+ j^^'7AAV''xBA,...A,)e^' Ae^^ A-.-Ae^" 
+ jj^^V''xBA.A,...A,T^' Ae^- A...Ae^'' 
= l^V''VBXM...A,e^' A-.-Ae^" 

+ ^^^^VA,y^XsA,...A,e^^ A.-.Ae^'' , (4.38) 
where V is the unique connection associated with V which has torsion T = —T. To summarize 
jOvX = VyX + (fc^i)! XAA,...A,_,VBV^e^ A e^^ A ... A e^"-' . (4.39) 
So, if X is V-parallel, Vx = 0, and 

jOvX = ^^^XAAi...A._i VsV^^e^ A e^^ A ... A e^"-' . (4.40) 
Another formula which we shall find useful is the Lie derivative of a vector- valued k-form 

^ = -^^Ai^.a/c^i A-.-Ae^'^CB (4.41) 

which may be written as 

Cv^ = Vy^+^^^CBA....A/VAil^^e^^A. . .Ae^*" ® ba" ...A. ^ Vs^^e^^ A. . .Ae^-'^CA • 

(4.42) 

So, if ^ is V-parallel, and X is some submanifold on which 

^i.-.A/e^i A . . . A 6^-= U ® = (4.43) 

then 

Cv^lx = (fc^i)! ^g^2...A/V^iV-^e^^ A...Ae^'\x(g>eA ■ (4.44) 
These formulae are key in the investigation of the deformation theory of generalized calibrations. 
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4.4 Second variation of the energy functional revisited 



The second variation of the energy functional is considerably simplified if we assume that the 
calibration form is V-parallel. In particular, suppose that X is a k-dimensional sub-manifold 
calibrated with respect to </>. Suppose we consider an adapted frame so that {e°' : a — I, . . . , k} 
are tangent to X and {e"^ : i — k + 1, . . . , dim(M)} are normal to X, and we take 4)iai...ak-i |t=oe* A 
A ... A e"''"^ = 0. Then we deform the calibration and write the calibration form as 

= Aei A... Ae'= + — ^(/.„,...,,_,e* Ae-^i A... Ae'^'=-i (4.45) 
(fc - 1)! 

^ y</)^,ai...a,_.e*AeJ Ae'^iA...Ae'^'=-^+0((e')3) . (4.46) 



(fc-2) 



Using the fact that (j) is V-parallel, we can compute by acting twice on (4.46) with Vy where 
V = d/dt is a normal vector field. After some lengthy computation, we find 

rf2 f <P 



f [(V^y, V-Ly)dvol(O) - i^^yi^^y^] 1^=0 . (4.47) 



5 Deformation of hermitian calibrations 

Let (M, g, J) be a hermitian manifold of complex dimension n. As we have mentioned the 
calibrated submanifolds with respect to cf) — are the complex submanifolds of {M,g, J) of 

dimension k. The deformation theory of a complex submanifold X of M is well known. The 
dimension of the moduli space is the number of holomorphic vector fields of the normal bundle 
of the submanifold X, i.e. it is the dimension of the Cech cohomology ^{Nx) where Nx is 
the normal bundle of X in M. There is an obstruction of integrating these small deformations. 
This lies in the Cech cohomology group ll^{Nx)- It is clear that there should be a theory of 
deformations of almost hermitian calibrations. This will be investigated elsewhere. 



5.1 Complex submanifolds of Hermitian manifolds 

It has been known for some time that hermitian manifolds admit compact complex submanifolds 
which represent the trivial homology class. This is unlike the case of compact Kahler manifolds 
where complex submanifolds always represent a non-trivial homology class. An example of such a 
hermitian manifold that admits a holomorphic submanifold which represents the trivial homology 
class has been given in | p^ . This is an example of a hermitian calibration which is not Kahler. 

Another example of a hermitian calibration is that of the Hopf fibre x in the group man- 
ifold X S^. As we shall demonstrate later in the investigation of examples of SAS calibrations 
in group manifolds, such a submanifold is holomorphic with respect to a hermitian structure on 

X S^. Observe that the hermitian calibration x represents the trivial homology class. 
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6 Deformations of SAS Calibrations 



Let {M,g,J) be an almost complex manifold which admits a compatible connection V (V.g = 
V J = 0) which has holonomy contained in SU{n). The following can be shown using the results 
of Harvey and Lawson: 

Theorem 6 Let (M,g,J) be a manifold as above. If X is a SAS calibrated submanifold of M 
with respect to (f> = Re lu, where w is the parallel- (n,0) form, then n\x = Im w|x = 0, where Q 
is the Hermitian form obtained from J. Conversely, if X is a middle dimension submanifold of 
M such that fl\x ~ Im lu\x = 0, then X is calibrated with respect to (j). 

Because of this, the small deformations of X generated by sections V of the normal bundle, 
Nx, of X in M which preserve the property that X is calibrated satisfy 

LvVl\x = , Cvlia w|x = . (6.48) 

To determine the conditions on V imposed by the above two conditions, we proceed as follows. 
We introduce an orthonormal basis {cq, Ca'} = {ei, ... , e„, ei', ... , e„'} of the tangent bundle 
of M and a dual frame {e", e° } = {e^, . . . , e", , ... , e" } of M such that the Kahler form Vl 
and the parallel (n,0)-form take the (canonical) forms 



n ^ nab'c" A e''' = ^'^b'e'' A e**' = ^ e'^ A e°' 

a=l, b' = l a=l, b' = l a=l 

w = n;'^i(e°-iJ(e")) =(ei+iei')A---A(e" + ie"') . (6.49) 

It is clear that the non-vanishing components of the almost complex structure J in this frame 
are J°a' and J" a- 

Restricting the orthonormal basis {ca, Ca'} at a point p of the calibrated submanifold X, {ca} 
is a basis in the tangent space TpX and {cq'} is a basis in the fibre Np of the normal bundle Nx 
of X in M. Therefore the deformations of X in M are described by vector fields V = V"' Ca' ■ 



Using this and (4.4C), the conditions (6.48) can be written as follows 



\/aV'' Vlb^be"- A e'' = 

yaV"' J'^b' = . (6.50) 

These are viewed as equations for the normal vector field V . 

There is another way to write the deformation equations of SAS calibrations. For this observe 
that the normal bundle Nx and the tangent bundle TX of X are isomorphic, Nx = TX . The 
isomorphism is induced by the almost complex structure J a,s U — If^ea — J{V) = J'^b'V^ e^. 
Using this, the conditions ( |6.48 ) on the normal vector field V can be rewritten as 



d{iv^)\x + ivdVL\x — , (i(iylm uj)\x + ivdlvti uj\x = . (6.51) 
Next using the fact that both Q. and oj are parallel with respect to the connection V and 



(4.36), these two conditions can be expressed as 

DiU = dU -Ua{T°' + f'') = Q (6.52) 
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and 

dIu = SU + U''{ta+ia) =0 , (6.53) 

where f = e'' A e^ilbt'T''' , ta = T\b and i = J"-' aT*'' a,i,J\> . 

Equivalently, the deformation equations ( 6.52| ) and (3.53) can be written in components as 
follows: 

d,. U,, - 9^. t/p, " C^p(r;,,,, + T^,m/) = (6-54) 

and 

(VfrC/,,-;7^(t^+tV) = . (6.55) 

We remark that the deformations of SAS calibrations in the special case when M is a symplectic 
manifold, and so O is closed, have been considered in It has been shown that t he m oduli 
are u n obstr ucted, and the dimension of the moduli space is h\{X). Both expressions ( 6.5C ) and 
( |6.52 , 6.53| ) of the deformation equations will be used later in the examples to find the moduli 
space of SAS calibrations in non- symplectic manifolds. 



6.1 SAS calibrations and an elliptic system 

To investigate whether the differential system ( |6.52| ) and ( |6.53| ) has solutions, consider the fol- 
lowing resolution: 

A°(X) ^ Ai(X) ^ A2(a:) (6.56) 

where has been defined as above and Do is the adjoint of d\. Clearly we have the adjoint 
resolution as follows: 

A°(X) ^ A1(X) ^ A2(X) , (6.57) 
where d\ is the adjoint of D^- Next we can consider the Laplacian 

A = DoDJ + ZJ^Di . (6.58) 

From general elliptic theory, we know that the solutions of the equations Dif/ = and Z^Jj/ = 
are zero modes of the Laplacian A. Conversely, the zero modes of the Laplacian A are also 
solutions of the two differential equations. From general elliptic theory we also have the following: 

Corollary 4 The moduli space of a closed SAS calibration X in M , if it exists, has finite di- 
mension. 

We shall investigate the elliptic system in more detail in special cases below. 



7 Special Cases 

There are several different types of almost hermitian structures, for example given in the Gray- 



Hervella classification |15 . We shall not explore all cases here. Instead, we shall focus on some 
of these. Some explicit examples will be given later. In what follows, we shall assume that some 
hermitian connections have holonomy contained in SU{n). 
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7.1 Almost Hermitian manifolds with skew torsion 



Let (M, g, J) be an almost hermitian manifold. It has been shown in ||T^ that (M, g, J) admits 
a unique almost hermitian connection V with torsion a three-form iff the Nijenhuis tensor of J 
is a three-form as well, ie {M,g, J) is a Gi manifold in the Gray-Hervella classification. In that 
case the torsion of the connection is 

T{X, Y, Z) = -dfli JX, JY, JZ) + N{X, Y, Z) (7.59) 

where N{X, Y) = [JX, JY] - [X, Y] - J[JX, Y] - J[X, JY] is the Nijenhuis tensor. Suppose that 
in addition the holonomy of this connection is contained in SU{n). In such a case the differential 
system for SAS calibrations can be simplified to 

dU -UaiT" +f'') = 

5U + UHa = . (7.60) 

Despite the simplification of the second deformation equation, we have not been able to analyze 
the system further. However, a special class of such hermitian manifolds are the Nearly Kahler 
ones. For these, the deformation equations simplify further. 

7.2 Nearly Kahler manifolds 

Let (M, g, J) be a Nearly Kahler manifold, ie (M, g, J) is an almost hermitian manifold satisfying 
(V^ J)F + (Vf, J)X = , where X, Y are vector fields on M. It is known @ that on a Nearly 
Kahler manifold {M,g, J) the following identities hold: 

MniX, Y, Z) = 3iV( JX, y, Z) = -12g((V^ J)r, Z) (7.61) 

and 

25((V^V^J)r,^) = -(5((V^J)X,(Vf.J)JZ) + cyclic(X,r,Z)). (7.62) 

The Nijenhuis tensor is a (3,0) + (0, 3)-form. Nearly Kahler manifolds admit a compatible 
connection V with torsion a three- form T = jN and VT = |2^, 0. 

We shall focus our attention to six-dimensional nearly Kahler manifolds. Any six-dimensional 
nearly Kahler manifold is Einstein and of constant type (see ||l^). This means that the Ricci 

tensor, Ric^ = fo^S' ^^id 

\\{V%J)Y\\^ ^\a - {\\X\\^ - WYW^ ~ g^{X^Y) - g^{X^JY)), (7.63) 

where a = Scal^ /15 is a positive constant and Scal^ denotes the scalar curvature of g. It is clear 
that the holonomy of the connection V of any six-dimensional Nearly Kahler manifold which is 
not Kahler is contained in SU{3). 

To investigate SAS calibrations in six-dimensional Nearly Kahler manifolds, we shall first 
prove the following theorem for Lagrangian subnianifolds in Nearly Kahler manifolds. 

Theorem 7 A three-dimensional Lagrangian submanifold L of a six- dimensional Nearly Kahler 
manifold (A/, J, g) is a SAS calibration and minimal. Consequently any Lagrangian submanifold 
L is orientable. 
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Proof: To show that any Lagrangian submanifold of a six-dimensional nearly Kahler manifold 
is minimal, we shall first show that 

5((V^J)y,Z) = (7.64) 

for X, Y, Z tangent to L. To see this, we use the fact that J is parallel with respect to the 
connection V with torsion the Nijenhuis tensor N. Using the fact that TV is a (3, 0) + (0, 3)-form 



and that L is Lagrangian, it is straightforward to verify ( 7.64 ) 



To show that L is SAS, observe that a V-parallel (3,0) form i/; can be defined on L with 
Reip = N and Imip — jdft; fl is the Kahler form. Since both the Nijenhuis tensor N and the 



almost complex structure J are V-parallel, in view of (7.61 ), -0 is parallel as well. So N can be 



identified with the calibration form. Using ( 7.64 ), {dQ,)\L — and so L is a SAS calibration. 
Consequently L is orientable. 

The second part of the proof of this theorem that L is minimal is a generalization of a similar 
theorem for in To begin, denote with a and A the second fundamental form and the shape 
operator of the submanifold L in a manifold M , respectively. From the definition of a and A, we 
have X, Y tangent to L and ^ normal to L 

v^r = v^^r + a(x,r), v^e = + (7.65) 

where X,Y are vector fields tangent to i, ^ is a vector field normal to L, V^^ is the induced 
Levi-Civita connection on L and D is the induced connection on the normal bundle. Recall that 
a(X,y) = a(y,X) and g{aiX,Y),0 = 9iA^X,Y). 

To see that L is minimal we observe that the (3,0)+(0,3)-form dft on M satisfies the identity 

- i(V^dr2)(y,Z) ^ (V^Vf,J)Z = l-a{g{Y,JZ)X + g{X,Z)JY - g{X,Y)JZ) , (7.66) 

where d^l{X,Y) denotes the (1,2) tensor corresponding to the 3-form dil via the metric g. 

Since dfl{X,Y) is normal to L for X,Y tangent to i, we obtain DxJY = —^d^l{X,Y) + 
J\7^j^Y, AjyX — —Ja(X,Y). Using these properties of the second fundamental form, we 
calculate 

i^\d^){Y, Z) = -Adn(Y,z)X + Dxdn{Y, Z) - dn{V\Y, Z) - dn{Y, V\Z) = 

Ja{Jdn{Y, Z),X)- ^Jdn{X, dn{Y, Z)) - J{V^^ Jdn){Y, Z) - dn{a{X, Y), Z) - dn{Y, a{X, Z)) 

(7.67) 



for X,Y,Z tangent to L. Multiplying the last equality by J and using ( 7.66 ) we get for the 
normal component 

a{Jdn{Y, Z),X) + JdQ{a{X, Y), Z) + Jd^{Y, a(X, Z)) = 0. (7.68) 
The last equality means tra = 0. Indeed, we may assume that i J(if2(ei, 62) — \/¥-^3 form an 



orthonormal basis on L for any even permutation of (123). Evaluating (7.68) on those basis we 
get tra = by taking the cyclic sum and using the skew-symmetry of N. Hence, L is a minimal 
submanifold of M . Q . E . D . 

The theorem above generalizes the result of Ejiri jsj which states that for the Nearly Kahler 
any Lagrangian submanifold C is minimal. SAS calibrations in the Nearly Kahler 
will be consider below. 
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Since the torsion is a (3, 0) + (0, 3) form, the differential system for the deformation of SAS 
caUbrations on a nearly Kahler six-dimensional manifold (M, J, g) reduces to the equations 

dU ^^{iu)N = 3{iuT) = -{iju)dn, SU = . (7.69) 

Proposition 5 Let V = JU be a SAS deformation of a SAS calibrated compact submanifold L 
on 6- dimensional Nearly Kdhler manifold M. Then the following formula holds 

[ {2mc3{U,U)-^-a\\UW' ^hcugf)dVol.\L = . (7.70) 

In particular, if M — S^ then U cannot be a Killing vector field on L. 

Proof: We shall use the following general formula on a compact Riemannian manifold 

[Ric^jWW + (V^'C/'')(V,t/j) - {5Uf)dVol. = . (7.71) 

The formula ( [7.71 ) follows from the identity 



Vi(f/^(Vjt/'') - (VjC/^)[/'') = Ric,jU'U^ + {V^U')iV,Uj) ~ {VjWy (7.72) 



by an integration over the compact L. 



Let V — JU be a SAS deformation. The constant t ype c ondition ( 7.63 ) implies \\dU\\ 



|2 



9||i[/T||2 = 9a||;7|p. Substituting the latter equality into (|7.7l|) we get (|7.70| ). 

For any minimal lagrangian submanifold L of the Nearly Kahler we have Ric^{U,U) = 
^IWW^ " 9i<^{Ui 6 i); ctj Ui Si)); whcrc 61,62,63 is a n ort honormal basis on L. Substituting 



the last equality into ( 7.70| ) and taking into account ( 7.69 ), we get a contradiction with the 



assumption that U is Killing. Q.E.D. 
7.3 Hermitian manifolds with holonomy SU{n) 

In this section, we take (M, J, g) to be a hermitian manifold, dim M — 2n, for which the 
holonomy of either the Bismut connection V'' or the Chern connection is contained in SU{n). 
The definitions of these connections are given in section fifteen. Both these cases will emerge 
in the investigation of hermitian manifolds with trivial canonical bundle in sections sixteen and 
seventeen. 

First consider the case for which the Bismut connection has holonomy contained in SU{n). 
In such a case the differential system for the deformation of SAS calibrations becomes 

dU^lu^H.,,,J^\r\e^Ae^ . 

[vsyua-u'^ea = (7.73) 

where H is the torsion of the Bismut connection and 9 is the Lee form (see section fifteen). To 
derive the first equation, we have used the fact that the torsion three-form H of the Bismut 
connection is (2,1) and (1,2) with respect to J; this follows from the integrability of the complex 
structure and the fact that J is parallel with respect to the Bismut connection. 
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There are two cases to consider. If the hermitian manifold {M,g, J) is balanced, then 6 = 0, 
and the deformation equations are 



dU -^U''Hab'c'J'''br'ce'' Ae' = 

{VS)''Ua = . (7.74) 

In particular, U is co-closed. Next assume that (Af , g, J) is conformally balanced, ie 9 = 2df 
for some function / on M. This class of hermitian structures appears in some applications in 
physics. Rescaling U = e^W, we find that the differential system becomes 

dU + 2dfAU-^U''Hab'c'J'''byce''Ae'' = 

(V^rUa = 0. (7.75) 

So U is again co-closed. 

Next take {M, J, g) to be a hermitian manifold for which the associated Chern connection 
has holonomy contained in SU(n). In this case the parallel (n,0)-form ^ is holomorphic and 

therefore closed, dip = 0. The deformation differential system ( |6.54 , |6.55 ) for SAS calibrations 

becomes 

dU - UaiC + C") = 

(Vf)'^[/a = , (7.76) 

where C is the torsion of the Chern connection. Again, the one-form U is co-closed. 

8 Examples 

8.1 Group manifold examples 

SAS calibrations in hermitian group manifolds 
Consider the group manifold x with metric 

ds^ = [a^f + [a^f + {a^ + [d^ + [d^f + [d^f (8.77) 
and a complex structure J with associated Kahler form 

17 = CT^ A CT^ - CT^ A (5-2 + A ct3 (8.78) 
where tr* and ct* are left invariant one-forms satisfying 

da" = --e'''"'a'' Aa" 
2 

da"" = -ie'^fc^^^'ACT" . (8.79) 
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The associated parallel (3,0)-form is 

UJ = e'T (o-i + icr^) A (ct^ - iCT^) a (ct^ + ia^) . (8.80) 

The X — submanifold of x which is defined by the diagonal embedding cr'|x ^ ^^\x is 
a SAS calibration. 

This SAS calibration has moduli. To see this observe that both and uj are invariant under 
the left action of S''^x 5*^. In addition S''^ x S''^ acts on the diagonal S''^ as (fci, A:2)(g, 5) ^ {kig,k2g). 
Thus if the diagonal S"^ is a SAS calibration, then all the right cosets of in x are SAS 
calibrations as well. The moduli space of these deformations is x S^/S^. Observe that if 
(fci, /C2) = {k[h, fcj/i) for h S S^, then (fci, /c2) and {k[, k'2) generate the same deformation. 

For an alternative way to see this, let V be the connection on the group x associated 
with the left action. Observe that the metric and the Kahler form are parallel with respect to the 
connection V. The connection V which has torsion T = —T is associated with the right action 
on the group manifold x S^. In particular all right-invariant vector fields are parallel with 
respect to V. Thus they satisfy the equation ( |6.50D . This is equivalent to the analysis above in 
which the left group action was used. This is because the right-invariant vector fields generate the 
left-action on group manifolds. Of course the right-invariant vector fields which are tangent to 
the diagonal 5*^ generate diffeomorphisms of the diagonal 5*^ and so they are not tangent to the 
moduli space. However, there are three linearly independent right invariant vector fields which 
are normal to the diagonal S'^, which are given by 

Vf^^ ^p^-p, (8.81) 

for i = 1,2,3 where {pi,pi;i — 1,2,3} are right invariant vector fields on x S'^. Hence the 
dimension of the moduli space is at least three. 

To find whether the moduli space has dimension more than three, one should find the number 



of solutions to the differential equations ( 6.52 and ( 6.53 ) or equivalently ( 6.50 ). Adapting them 
to this example, we have 

dU-U Aa^ + Usa^ A =0 

SU -U3 =0 (8.82) 



where U = Ui<7^\x- After some computation, it can be shown that the only solutions to ( p. 82 ) 



are given by linear combinations of i (r)Q\x as expected. Hence the moduli space is three- 

(0 

dimensional. 

We remark that there is a hcrmitian calibration which is a torus — x along the 
directions {a^,<T^) of x S^. This torus is the fiber of the product of fibers of the product Hopf 
fibration T"^ ^ x S"^ x . The homology class [T^] is trivial because 7?2(5'^ x S^) = 0. 

This is an example of a family of hermitian calibrations with base space x S*^ . 

A SAS calibration on the complex Iwasawa manifold is given at the end of the paper, in the 
last section. 

SAS calibrations in almost hcrmitian group manifolds 

For another group manifold example consider again the group manifold S'^ x with metric 



(B.77) but now equipped with the almost complex structure J with associated Kahler form 

= A + (T^ A CT^ + cr^ A (5-^ . (8.83) 
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The associated (3,0)-form is 

w = (o-i + ia^) A (0-2 + ia^) A {a^ + ia^) . (8.84) 

It is clear that the three-sphere given by x {e} is a SAS cycle, where e is the identity element. 
It is also clear that any three-sphere in x given by the embedding x {k}, k £ S^, is 
again a SAS cycle for the above generalized calibration. Thus there is a moduli space which 
has dimension at least three. This can also be derived using the connection V as in the other 
example above. In fact the dimension of the moduli space is three. To see this observe that the 
deformation equations for SAS calibrations imply that 

^aUb-VbUa = 

VaU" = 0, (8.85) 

where V is the flat connection on with associated frame the left-invariant 1-forms {a"; a = 
1, 2, 3}. These equations in particular imply that 

VVaC/b = . (8.86) 

Using 

/ \\VU\f = -[ {U,V^U) = (8.87) 

we conclude that U is parallel with respect to V and so left- invariant. Since there are three 
linearly independent left-invariant vector fields on S^, the dimension of the moduli space is three. 
In fact the moduli space is S^. 

We can also consider a similar group manifold example as above but this time with 

Lo = z(cr^ + ia^) A (cr^ + id-^) A (cr^ + iff^) (8.88) 

as a (3,0) form. In this case a SAS cycle is {e} x S^. The moduli space is again S^. 

We remark that in both the above group manifold examples, there is an almost hermitian 
calibration which is a torus along the directions {a^,a^). In fact the induced almost complex 
structure on is integrable and so is complex. 

The above two group manifold examples can be easily generalized as follows. Let G be a 
semisimple Lie group (dimG = k). On the group manifold G x G, we can define the metric 

k 

ds\G xG)=Y^ {{a^f + (a^f) (8.89) 

and the almost complex structure J with associated Kahler form 

fe 

f^ = ^a"Acr'' (8.90) 

a=l 

where {a"; a = 1, . . . ,k} and {(t°; a = 1, . . . , fc} are the left invariant one-forms of G x G; the 
first set is that of the first group in the product G x G while the second set is that of the second 
group. We can also define a (n,0)-form as 

oj = {a^ + ia^) A . . . A {a'' + ia'') . (8.91) 
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The submanifold G x {e} is a SAS calibration with respect to Re uj. In fact all spaces G x {h}, 
h G G, are SAS calibrations. Therefore the dimension of the moduli space is at least k. In fact 
it can be shown that the dimension of the moduli space is exactly k by repeating the analysis 
for X examples above. In particular, it is straightforward to show that the solutions of the 
deformation equations U = —iv^\x are left-invariant one-forms. Similarly {h} x G are also SAS 
calibrations with respect to Re u) where 

UJ = (ly'^ia^ + la^) A . . . A (a'^ + m'') (8.92) 

in this case. The dimension of the moduli space is again k. 



8.2 SAS submanifolds in 5"^ x with the left-invariant Einstein metric 

There is another Nearly Kahler structure on S'^ x which can be constructed as follows. First 
write Spin{A) = x and decompose the Lie algebra of Spin{4) as spin{'i) = so(4) = h + m 
with h = span{i?i2, i5i3, £^23} and m = span{i?i4, i?24, ^^34}, where the matrices Eij, {i < j) are 
the standard generators of so(4). Denoting the associated left-invariant forms as the elements of 
the basis, we have 

4 

dE,, = - ^ E,k A Ekj . (8.93) 
fe=i 

Denote the Killing form on spin{4) by B{X^Y) — ~l/2tr{XY). Then there are two Einstein 
metrics on x . One is associated with the bi- invariant metric Bi = B\h-Kh + B\myim- The 
SAS calibrations for this manifold have already been investigated above. The other is associated 
with the left-invariant metric -B1/3 = \B\h^}i -\- B\mycm- With respect to i3i/3 we consider the 
orthonormal basis ei = \/3-£'i2,e2 — V3£'i3,e3 = VSE23,e4 = £^14,65 = i?24,e6 = i?34. In this 
basis the Kahler form is 

= -i(eiAe'^-e^Ae5-f e^Ae'^). (8.94) 

Denote the associated almost complex structure with J. Then {S^ x , Bi/^, J) is a Nearly 
Kahler non-Kahler manifold [p^ . 

Consider a copy of S''^ C S^xS^ determined by the integrable distribution = spanjei, 62, 63}. 
This is a lagrangian submanifold of the Nearly Kahler manifold (S^ x S^, Bi/^, J) and therefore 
it is a SAS calibration. 

The moduli space is at least 3-dimensional. Indeed, simple calculations show that 

de^ = -{ij^^dQ), 5e' = (8.95) 
for j = 1, 2, 3, where e-' is the dual 1-form to ej. Hence, ei, 62, 63 are solutions of the differential 



system (7.69) 



8.3 SAS cahbrations on Flag manifold 

Let i^i,2 = U(3)/U(l) X U(l) X U(l) be the complex three-dimensional flag manifold. Consider 
the reductive decomposition u(3) = h © m where u(3) is the Lie algebra of the unitary group 
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U(3) and h and m are determined by: h == u(l) u(l) u(l) C u(3) and 




C u(3). (8.96) 

Identifying any element X S TF12 = m with the corresponding triple of complex numbers 
(a, 6, c), we consider the U(3)-invariant Riemannian metric on Fi^2t9{X,X) — |ap + |&p + |cp. 
An invariant almost complex structure on is defined by J : (a, 6, c) — s- (ia, —ih, ic) and 
it is compatible with the invariant metric g. Then {Fi^2, 9, J) is a Nearly Kahler non Kahler 
6-dimensional manifold. We consider an orthonormal basis of TFi^2 given by 

ei = -^(1,0,0), e2 = Jei, 63 = -^=(0, 1, 0), 64 = - Jeg, 65 = -^(0, 0, 1), eQ = Je^. 

(8.97) 

Then the 3-sphere determined by the integrable lagrangian distribution 61,63,65 is a SAS 
calibration on the Nearly Kahler 6-dimensional (Fi.2,5, J)- 

8.4 SAS calibrations and the 6-sphere 

Let ImO be the 7-dimcnsional vector space of imaginary octonions. Consider the unit sphere 
C ImO. The right multiplication hy u € induces a linear transformation J„ : O ^ O 
which is orthogonal and satisfies ,P = —1. The operator J„ preserves the 2-plane spanned by 1 
and u and therefore preserves its orthogonal 6-plane which may be identified with TuS^. Thus 
J„ induces an almost complex structure on T^S^ which is compatible with the inner product 
induced by the inner product of O. Therefore has an almost complex structure which is 
compatible with the standard metric g on and so (S^,g, J) is an almost hermitian manifold. 
In fact (5^, (7, J) is Nearly Kahler. The group of automorphisms is the exceptional group G2. 

Let i C S*^ be a three-dimensional Lagrangian submanifold of with respect to a Kahler 
2-form. Then by the results of section 7.2, L is a SAS calibration and is minimal. In addition it 
satisfies f;(V^ J)y, Z) — for X, Y , Z ta ngent vectors to L by th e result of N.Ejiri For example 



consider the invariant G2 form in ( 4.29 ) or equivalently in ( 9.99 ) below and view {e*; i = 1, . . . , 7} 



an orthonormal basis in MJ . Then the Kahler form at the point x = x^ei of S^, Y^l^iix^)'^ — 1, 



IS 



n = x'<j>ijke^ A 6*^ (8.98) 

restricted in the directions orthogonal to x. The three-sphere defined by the equations x^ ~ x'^ ~ 
a;'^ = is a Lagrangian submanifold and so a SAS calibration. 



9 Deformations of generalized co-associative calibrations 

Let (Af , g, ip) be a seven-dimensional manifold which admits a metric connection V whose holon- 
omy is contained in G2. As we have mentioned there is a local orthonormal frame {e" , e*} for 
a,b — 4:, 5, 6, 7 and i,j = 1, 2, 3 such that the parallel three-form ^ takes the canonical form 

^ = ei23 -t- el A (6« - 6^7) -h 6^ A (e^« -|- 6^) -t- A (e^^ - 6^6) , (9.99) 
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where e^"^ — fxe^ and similarly for the rest. Observe that can also be written as 

3 

^ = 6^23 + ^6' A 17, (9.100) 

i=l 

where — 1,2,3} is a basis of anti-self-dual two-forms in the directions spanned by the 

{e*^; a = 4, 5, 6, 7} frame basis. The generalized co-associative calibrating four-form is simply the 
Hodge dual of -i/;, *V- 

Proposition 6 A necessary and sufficient condition for a four- dimensional submanifold X of 
M to be a generalized co-associative calibration with respect to is that iplx ~ 0. 

Proof: The proof of this proposition is similar to that given for standard co-associative cali- 
brations in ||T^ and so it will not be repeated here. 

Q.E.D. 

If X is a co-associative calibrated submanifold, we can adapt a frame at every point of X 
such that the directions {e'^;a — 4,5,6,7} are tangent to X and {e*;i = 1,2,3} are normal. 
Expressing the condition Cy'^J = for the deformation of a co-associative calibration X along 
the normal vector field V in terms of the V connection of ( 4.40| ), we have 

{n,)abycV'e°' Ae'' Ae" = (9.101) 

where {fti; i = 1,2, 3} is the basis of anti-self-dual Kahler forms us ed to c onstruct the form ip in 
( |9.99 ). Using the anti-self duality of {51.;; i — 1, 2, 3}, the equation ( |9.101 ) also implies 



iJ^)\yaV' = , (9.102) 



where Ji are the (almost) complex structures associated with Vti. 

There is an alternative way to express the deformation equations. For this observe that 
the normal bundle Nx of X in M is isomorphic to the bundle A^~(X) of anti-self-dual two- 
forms of X, Nx — A^~(X). The proof of this is similar to that given by |2^. It is based on 
the observation that the normal bundle Nx and A'^~{X) are both associated to the principal 
5*0(4) frame bundle of X with the same representation, i.e. the three-dimensional anti-self-dual 
representation of 5*0(4). Note that the seven-dimensional representation of G2 which leaves 
three form ip invariant decomposes as pr = v^® V4 under the action of 50(4) C G2, where 
is the three-dimensional anti-self-dual representation of 50(4) acting on the directions 123 and 
V4 is the standard four-dimensional vector representation of 50(4) acting on the directions 4567. 
Let V = V^Ci be a normal vector field of X, then the isomorphism is given by ay = iv^\x- 
Observe that ay is an anti-self-dual two- form on X . 

Next the condition Cyip — can be written as 

day +ivdi^\x =0 . (9.103) 

If dV' = 0, then the dimension of the moduli space is equal to 6i(X), i.e. the dimension of the 
space of anti-self-dual harmonic two-forms of X. Now we shall turn to the case where dijj 7^ 0. 
Using the fact that ip is parallel with respect to V, we find that 

d{av) - iav)abT^ A e'' + ]^-^,bcV'T' jae'' A e'' A = . (9.104) 
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Using the relation 

gAB = I^acd^b'^'' , (9.105) 
6 

the deformation equations may be written solely in terms of ay as 

day + {av)ab[- T" A e*- + ^'iP^cd^P"'''T' ,a^e' A A e"^] = . (9.106) 

Furthermore, as ay is anti-self-dual, this defines an elliptic system of partial differential 
equations. Hence we conclude that 

Corollary 5 The moduli space of generalized co-associative calibrations, if it exists, is finite 
dimensional. 

10 Deformations of generalized associative calibrations 

Let (Af , g, ip) be a seven-dimensional manifold which admits a metric connection V whose holon- 
omy is contained in G2- Such manifolds also admit generalized associative calibrations, in addition 
to the generalized co-associative calibrations investigated in the previous section. The former is 



a degree three calibration associated with the three form -0 of (9.99). We again introduce the 
orthonormal frame {e^} = {e* , e°'\i = 1,2,3, a = 4,5,6,7}, where now {e*} span the tangent 
directions of the generalized associative cycle and {e°} span the normal directions. 

As in the case of standard calibrations, the condition for a three-dimensional submanifold X 
to be calibrated with respect to -0 is that a certain vector- valued three- form x € Vt^{M,TM) 
should vanish on X . The form x is related to the cross product on = ImO and it is invariant 
under G2^ so x is V-parallel. In particular in the basis that we have written the three- form ip, x 
is given by 

7 

X^^X^-^eA (10.107) 

A=l 

where 



) . (10.108) 

To compute the dimension of the moduli space of generalized associative calibrations, we 
require that Cvx\x — 0. Usi ng t he fact that this vector-valued three-form is parallel with 





(g256 


~ 6^47 ^ 


g346 


+ e357 


x' = 


(e"7 


- ei56 _ 


g345 




x^ = 


(e245 


- e^^^ - 


gl46 




x' = 


(6^67 




gl36 




x^ = 




- 6^67 ^ 


gl37 




x' = 




- ei25 _ 


e"4 




x' = 


6^24 


- e^^*^ - 


gl35 


_g236 



respect to the connection V, ( 1.40 ) and after observing that [x'^ ^vea)\x = 0, we find that 
^vx\x — imphes 

Y.{^i)ab^ ,V'' = (10.109) 
Lb 
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where V is the connection with torsion T = — T. The normal bundle Nx of a generalized 
associative submanifold is isomorphic to the spin bundle S of X. This can be shown by observing 
that both Nx and § are associated to the Spin principal bundle, P, of X, which is the double 
cover of the frame bundle of X, with the same representation. The proof of this is similar to 
that for standard calibrations and it has been described in Here we shall summarize 

the proof. First observe that every oriented three manifold admits a spin structure and so P 
exists for all associative calibrations X . Then observe that the seven-dimensional representation 
P7 of G2 which leaves the three- form -0 invariant decomposes as p^ = fa ® S4, where vz is 
the three-dimensional representation of SU (2) induced by the standard three-dimensional vector 
representation of SO{i) acting on the directions 123 and S4 is the four-dimensional real spinor 
representation of SU (2) acting on the directions 4567. Since 4567 are the normal directions of X, 
the normal bundle Nx and the spin bundle S are assoc iated to P with the same representation 
S4, so Nx — §• Therefore the deformation equation ( 10.109| ) is the Dirac equation in three- 
dimensions with respect to the connection V; the gamma-matrices are given by the {^f, i = 
1, 2, 3}. This is in fact an elliptic differential equation and so if a moduli exist, the moduli space 
is finite dimensional. 

The index of the Dirac operator that appears in the deformations of generalized associative 
calibrations vanishes. Because of this it is expected that generic generalized associative cali- 
brations will not have moduli. This is similar to the case of standard associative calibrations. 
Although generic generalized associative calibrations do not have moduli, we shall find many 
examples of families of generalized associative calibrations in special cases. 



11 Special Cases 

There are several special cases of G2 structures according to Fernandez-Gray classification 
depending on various additional conditions that the three-form ip and its dual satisfy. 

Calibrated and cocalibrated G2 manifolds 

The manifold {M, g, ip) is calibrated if d^} = and (M, -0) is cocalibrated if d * t/j = 0. It is 
known that if (M, g, ip) is both calibrated and cocalibrated, then the holonomy of the Levi-Civita 
connection is contained in G2- 

For calibrated G2 manifolds, the generalized associative submanifolds are minimal because "0 
is closed. In addition, the deformation equations of such submanifolds are given by the Dirac 
equation in (|10.109| ) with respect to a connection of the normal bundle which is induced from a 



connection on M which has non-vanishing torsion. 

For calibrated G2 manifolds, the generalized co-associative submanifolds generically arc not 



minimal because ^ip is not closed. The deformations of such submanifolds are given in (9.101) or 
.103| ). Because dip = 0, the latter equation can be simplified to 



dav^O- (11.110) 

Since ay is anti-self-dual, the dimension of the moduli space of generalized co-associative cali- 
brations in calibrated G2 manifolds is 62^. 

For cocalibrated G2 manifolds, the generalized associative submanifolds are not generically 
minimal because is not closed. The deformation equations of such submanifolds are given by 
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the Dirac equation (10.109) with respect to a connection of the normal bundle which is induced 
from a connection on M , which has non-vanishing torsion. 

For cocalibrated G2 manifolds, the generalized co-associative submanifolds are minimal be- 
cause d * = 0- The deformations of such submanifolds are given in ( p. 101 ) or in (9.103). 

Another type of G2 manifold for which the associated generalized calibrations can be analyzed 
as for co-calibrated G2 manifolds is that of cocalibrated G2 manifolds of pure type. For such 
manifolds d * = and dip A ip = 0. Again the co-associative calibrations are minimal. 

Integrable G2 manifolds 



The manifold {AI,g,tp) is an integrable G2 manifold iff 

d * ip = A ^ip 



(11.111) 



where 39 = — * {^dtp A tp) is the Lee form. It has been shown in that such G2 manifolds 
admit a unique connection with torsion a three-form. 

For generic integrable G2 manifolds, both ip and *'4' are not closed, so the generalized associa- 
tive and co-associative calibrations are not minimal. The deformation equations for generalized 
associative calibrations are given by the Dirac equation ( 10.109 ) but in this case the connection 
on the normal bundle is induced from a connection with torsion a three-form on M. The defor- 



mation equations for generalized co-associative calibrations (9.103) can be simplified somewhat 
using the expression for the torsion in [ p!o| . In particular, denoting the torsion 3-form by T = 7J, 
we have llG] that 

1 

dip = -{dip.*ip)*ip + e Aip + *H . (11.112) 



6 

Hence, noting that iy * ip\x = 0, it follows that 



iydiplx = { - 9 Aav + iv{*H)) \ 



X 



(11.113) 



and so we require that 



day — 9 



A ay + — (ay)aia.^'"^"= * ff.afcce" A e" A = 
36 



(11.114) 



However, despite this simplification, it has not been possible to compute the dimension of the 
moduli space. 

The subclass of integrable G2 manifolds which have applications in physics (string theory) 
are those for which the 1-form 9 is exact and so 6* = — 2(i$ for some function $ on M which is 
identified with the dilaton. The analysis of generalized associative and co-associative calibrations 
in this case is as for the integrable G2 manifolds above. There is some additional simplification 
though in the deformation equations for generalized co-associative calibrations. In particular, 
defining pv 



o2* 



ay and substituting in (11.114), we obtain 



'^PV + -^{Pv)a^a2i'' 

36 



* Hiabce" Ae^ Ae" 



. 



(11.115) 



Nearly parallel or weak holonomy G2 manifolds 
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The manifold {M, g, ip) admits a nearly parallel or weak holonomy G2 structure iff ^"0 = X*ip, 
for A constant. If A = 0, then {M,g,ip) is calibrated. If A ^ 0, then {M,g,il;) is co-calibrated. 
Since we have already investigated the case of calibrated G2 manifolds, we shall focus on the case 
that A 7^ 0. In it has been shown that nearly parallel manifolds admit a connection V with 
torsion a three- form. In particular T = — ^AV'. 

There are many examples of nearly parallel G2 manifolds which include 5^, SO{5)/ S0{3) 
and the Aloff-Wallach spaces N{n,m) = S'[/(3)/C/(l)„,„; the embedding of U{1) in SU{3) wiU 
be described later. 

For nearly parallel G2 manifolds, the generalized associative submanifolds are not generically 
minimal because ^l) in not clo sed. The deformation equations of such submanifolds are given 
by the Dirac equation ( 10.109| ). Using the connection with the torsion the three- form which is 



proportional to ip, the deformation equation can be simplified to 

J2{J^rb^|v' + ^v^ = o . (11.116) 

i,b 

Therefore the deformations of the associative submanifolds are eigenspinors of the Dirac operator. 
For nearly parallel G2 manifolds, the generalized co-associative submanifolds are minimal 



because d * ip = 0. The deformations of such submanifolds are given in (9.101) or in (9.103). 
The latter equation can be simplified. In particular using the definition of the nearly parallel G2 
manifold, we find that 

dav=0 (11.117) 

and therefore since ay is anti-self-dual, it is harmonic. The dimension of the moduli space of a 
generalized co-associative calibration X in a nearly parallel G2 manifold {M^g^tp) is 6^(X). 

12 Examples 

12.1 A group manifold example 

Consider the group manifold M = y. x with left-invariant metric 

ff = E('^^)'+E(^')' + (^°)' (12.118) 

■i i 

and equipped with the left-invariant three-form 

V- = ai23 + A (a"i - a^^) + A (a"^ + a") + A (a^^ - a^^) , (12.119) 

where {cr*; 1,2, 3} and {(7*;1,2,3} are the left-invariant one-forms on the three-spheres and 
in M, respectively and ct*^ is the invariant one- form on S^. Clearly this three- form ip defines 

a G2 structure on Af which is parallel with respect to the V-connection on the group manifold 

associated with the left action. 

It can be easily seen that the submanifold is a generalized associative calibration, while 

iS*^ X iS*^ is a generalized co-associative calibration. 

Observe that the submanifolds x {p}, p £ S^xS^ are all generalized associative calibrations 

and so the moduli space has dimension at least four. In fact the moduli space has dimension 

exactly four. To see this observe that the equation for the deformations in this case is 
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J2mab^^V' = Y,i^^)ab'^^V'' = (12.120) 

i.b i,b 

and V is a flat connection. Therefore 

VV" = 0. (12.121) 

Then 

/ (v\/,vy) = -/ (y,v2T/) = o (12.122) 

and hence V is constant. So the moduh space has dimension four. In fact the moduh space in 
this case is x and therefore M is a family of generahzed associative cahbrations. 

Similarly, observe that the submanifolds S''^ x 5^ x {p}, p £ S^, are all generalized co-associative 
calibrations and so the moduli space in this case has dimension at least three. In fact the moduli 
space has dimension exactly three. The deformation equation is 

J2{J^)\^bV' - Y.{J^)\^bV' = ^'Mba = . (12.123) 

i,b i.b b 

Therefore ay is co-closed with respect to the flat connection V. Since ay is anti-self-dual, it is 
also closed, V A ay = 0, with respect to V. Since ay is both closed and co-closed is harmonic 
with respect to the Laplacian V^. A partial integration argument similar to the one above implies 
that ay is necessarily V-parallel. This implies that the dimension of the moduli space is three. 
In fact in this case, the moduli space is S^. 

12.2 Generalized associative calibrations in homogeneous spaces 

Generalized calibrations in 5^ = Sp{2) / Sp{l) 

Identify M.^ = H^. Then observe that the action of Sp{2) preserves the equation for 5^ written 
in terms of quaternions with stability subgroup Sp{l) up to a conjugation. This implies that 
Sp{2)/Sp{l) = S"^. In addition observe that Sp{l) C Sp{l) x Sp{l) C Sp{2). This leads to 
the principal fibration Sp{l) S'^ MP^. This is the principal fibration associated with the 
anti-self dual SU{2) — Sp{l) instanton connection in — MP^. Let {a^;i — 1,2,3} be the 
associated connection with curvature 

= da' + e'jka^ A a'' . (12.124) 

The Bianchi identity implies that 

div' = 2e'jkio^ A a'' . (12.125) 
In addition there is a local frame a — 4, ... ,7} such that 

uj' = ^nii^e" A , (12.126) 



where {^';i — 1, 2, 3} is the basis of constant anti-self-dual two-forms in M given in (9.99) and 



(9.100) 
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Next consider the metric and the three-form on S"^ 



a=4 

3 



^ = y^a^ Aa^ Aa^ + yz^J2^' ' (12.127) 

i=l 

where y,z G M. — {0}. It can be easily seen by setting {e* = ya^;i = 1, 2, 3} and {e* = z£ ^;i = 
4, . . . , 7} th at the metric ds^ and ip above take the canonical form of a G2 structure as in ( 3.99 ) 
and ( |9 100| ). 

The fibres of the fibration Sp{l) ^ S'^ MP-^ are all associative generalized calibrations; 
this can easily be seen by observing that 

Msp(i) = y'(«' A A a3)|sp(i) = dvol(5p(l)) . (12.128) 

This is the case for any y,z e M — {0}. Therefore this fibration is a family of generalized 
associative calibrations. 

It can be easily seen that the G2 structure on 5^ in (12.127) is nearly parallel, dijj — X* ip, iff 

- 3y = Xz^ 

\v^ + z^ = '\>^V^^ ■ (12.129) 

This system has a solution for y — —3/ A and z = ±3/ A. This gives a nearly parallel G2 
manifold which is the squashed 5*^. Clearly the squashed S'' is a family of generalized associative 
calibrations. 

Remark 3 The H op f fibration —> is also a smooth family of generalized calibrations. 

To see this observe that the metric on S'^ can be written as 

ds^S^) = ((7^)2 + (ai)2 + ((t2)2 (12.130) 

where a^,(7^,a^ are the left-invariant one-forms on and ds^{S'^) = (cr^)^ -I- (0"^)^. It can be 
easily seen that is a generalized calibration in of degree one. The calibrated lines are circles 
which are the fibres of the H op f- fibration. Therefore is a family of generalized degree one 
calibrations with space of parameters . 



Generahzed calibrations in M = SO{5)/SO{3) 

We shall demonstrate that M = SO{5)/ SO{3) is a family of generalized associative cali- 
brations. We remark that M is not homeomorphic to S*^; M and S"^ have the same deRham 
cohomology but M exhibits torsion in the third cohomology. Observe that so(5) = so(4) © 
and so(4) acts with the fundamental representation on M . Since so(4) — so(3) so(3), the 
structure constants decompose under the decomposition AM^ ~ A^+M'' © A2~M'*. Under this 
decomposition of so(5) a frame can be introduced at M which satisfies the following structure 
equations: 

de" = (J,)%P' A e*" -f (/O^fcCT^ A (12.131) 
dp' = e'.kp' Ap^ -^{n,)abe" Ae\ (12.132) 
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where {e°; a — 1, . . . , 4} are associated with a basis in R*, {ct*; i = 1,2, 3} are associated with 
a basis in the Lie algebra of the stabihty subgroup of the coset and {p*; i = 1, 2, 3} are the rest 
of the generators. The structure constant matrices {J^i = 1,2,3} are anti-self-dual and the 
structure constants = 1,2,3} are self-dual; {^li)ab = 5ac{JiYb- 
The metric and three-form on M are the following: 

3 4 



ds\S') = E(/^^)'+E(^")' (12.133) 

i—l a—1 

3 

^ = ^ A + 2Y^{n{)abp' ^e'' ^e' . (12.134) 

i=l 

Observe that both are invariant under the stability group 50(3) of th e coset and so they are 



globally defined on M. It can be easily seen that the data given in ( 12.134 ) define a nearly 
parallel G2 structure on M . 

Next consider the obvious subgroups of 5*0(5); 5'0(3) C SO{A) C 50(5). Then there is a 
fibration 50(4)/S'0(3) ^ S'0(5)/S'0(3) ^ 50(5)750(4) or equivalently 5^ ^ Af ^ 5"*. The 
cotangent bundles of the fibres at every point p G 5** are spanned by {/3*|p;i = 1,2,3} and 
because the metric on M is diagonal in this basis all the fibres of this fibration are associative 
submanifolds of M . This fibration is a family of generalized associative G2 calibrations. 

Generalized calibrations in Aloff-Wallach spaces N{n, m) 

Another class of nearly parallel G2 manifolds are the so called Aloff-Wallach spaces iV(n, m) = 
5C/(3)/C/(l)„,„. The U{\) is embedded in SUii) as 

diag(e™x,e™'^,e-'("+'")x) ^ (12.135) 

where n, m G Z. To construct the G2 structures on this space write su(3) = u(1)0M'''. Under the 
action of J7(l), M decomposes as M —M. 0M ®M ©M. This can be seen by using the action of 
u{l) on the Cartan subalgebra and the step operators of su(3). In particular, each is spanned 
by the step operators -E±q, where a is a positive root, while M is spanned by the direction in the 
Cartan subalgebra of su{2>) which is orthogonal to the generator of the embedded u{\). A local 
frame can be introduced on N{n,m) according to this decomposition as {a^ , p^ , Q , rj] i = 1,2}. 
To be precise, let {Lb^; A, B ~ 1,2,3}, (Lb^)^^ = Lb"^, trLA^ = 0, be the left invariant forms 
on 5C/(3), dLA^ = iLa'^ A Lc^- We set + ia"^ = iLs^ p^ + ip^ = + = il^ and 

■q = •\/2(cos(5Li^ -I- sin5L2^), where tanJ = This decomposition is similar to that in 0. A 

metric on iV(n, m) can be written as 

ds' = .2 Y^iar + y' Y.(p'f + z'Y.(cr + fW , (12.136) 



where x,y,x,f G M — {0}. To define a G2 three-form, it is most convenient to induce it from 
a Kahler form lo and ; 
consider the two-form 



a Kahler form u) and a (3,0)-form (f> on because of the above decomposition of MJ . Indeed 



LO = xV^ Aa^ + y^p^ A p^ + A C (12.137) 
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and the (3,0)-form 

(j) = xyz{a^ + ia^) A {p^ + ip^) A (C^ + iC^) ■ (12.138) 
Then the G2 three-form on N{n, m) can be defined as 

= Re0- /r? A w . (12.139) 

Setting = xa^,e^ = xcP' = yp^,e^ = yp^^e^ = zC^^e^ = zC^,e^ = /ry, one can bring the 
metric ds^ and tp above into the canonical form of a G2 structure given in ( |9.99| ) and (3.100). 



For all x,y,z,f € M— {0}, the above data define a G2 structure on N{n,m). However not 
all these G2 structures are nearly parallel. It can be shown that if 

A = {x^ + y^ + z^) 

4a;yz + 2\/2/(y^(cos5 - sin(5) + sinJ) = Ay^z^ 

4a;yz + 2\/2/(x^(cosi5 - sinJ) - z^cos(5) = Ax^z^ 

4x?/z + 2y2/(a;2sin(5- y^cos^) = Xy'^x'^ (12.140) 



then the G2 structure is nearly parallel. It is known that these equations have solutions and so 
there are nearly parallel G2 structures on N{n,m); for a recent discussion see [|[ 

To find generalized G2 calibrated submanifolds in N{n,m), observe that U{l)n,m C S{U{2) x 
C/(l)) C SU{3) View ing S{U{2) x [/(I)) as a 3 x 3 matrix, the embedding of U{i) in S{U{2) x 
[/(I)) is as in ( |12.135 ). This sequence of subgroups of SU{5) define the fibration 



S{U{2) X C/(l))/C/(l)„,,„ ^ N{n, m) ^ CP^ . (12.141) 

In fact it turns out that the typical fibre is S'(C/(2) x J7(l))/[/(l)„^„,. ~ /l^p, where p = \n+m\ > 
0; for p = the typical fibre is S'^ x S^. 

Next decompose s{u{2) © u{l)) under the action of u{l) as s{u{2) ® u(l)) = u{l) ® M^. 
Moreover M.^ decomposes under the irreducible two dimensional real representation of u(l) as 

= ® R. Since s{u{2) ® u(l)) C su{3), is a submodule of R^ under the action of 
u(l). Therefore it can be arranged such that the tangent space of the fibres of the fibration 
S'^/Zp N{n,m) — > CP^ is spanned by {ri,a^,a'^}. It is clear that Ms3/Z ~ dvo\{S^ /Zp) 
and so every fibre is a generalized associative calibration. Therefore the Aloff-Wallach spaces 



are families of generalized associative calibrations for any G2 structure defined in (12.136) and 



(12.139) 



13 Deformations of generalized Cayley Calibrations 

Let {AI, g) be an eight-dimensional Riemannian manifold which admits a metric connection V 
with holonomy contained in Spin{7). On such a manifold there is a local frame {e^; A = 1, ... ,8} 
such that the self-dual four-form 

$ = el234^(gl2_g34)^(g56_g78)^(gl3_^g24)^(g57_^g68)_^(gl4_g23)^(g58_g67)^g5678 

is V-parallel. 

The condition that a four-dimensional submanifold X C M is calibrated with respect to $ 
is that t\x = where r e il'^{M,F) is a four-form which takes values on the vector bundle 
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F; F — P where is the seven-dimensional representation of Spin{7), i.e. the one 

induced from the standard seven-dimensional vector representation of SO(7). This four- form r 
is associated with the four-fold cross product of M = O with values in ImO and it is Spin{7) 
invariant, so r is V-parallcl Explicitly, in an appropriate basis, r is 



g23 
o34 



)A(e 
)A(e 



57 



58 



,68) 
.67^ 
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(13.143) 



The Cay ley calibration is a degree four calibration in an eight-manifold M. Let X be a 
generalized Cayley submanifold whose tangent directions are spanned by {e°; a = 1, . . . , 4} and 
normal directions by {e*;i = 5,..., 8}. Then, by the same reasoning used for the generalized 
associative deformations, the condition Cvt\x ~ implies that 



(13.144) 



where {t°-; a = 1, ... 4} = {1, 57,,; ?■ = 1,2, 3}, and {fir', r = 1,2, 3} is a basis of constant anti-self- 
dual 2-forms in R spanned by the directions 5, 6, 7, 8; such a basis has been defined in section 
nine for the G2 calibrations. The operator V is elliptic. So if the moduli space exists, it is 
finite dimensional. It is expected that for generic generalized Cayley cycles, the dimension of the 
moduli space is the index of the operator V. The index of this operator V is the same as that 
computed for the standard Cayley calibrations because the principal symbol is the same. It has 
been found H that ind(X>) = a{X) ~ ^xiX) - ^[X] ■ [X], where a{X), x{X) and {[X] ■ [X]) is 
the signature, Eulcr number and self-intersection of the Cayley calibration X . 



14 Examples 



14.1 A group manifold example 

Let M — X X X equipped with the left invariant metric 

3 3 



(14.145) 



and the left invariant self-dual four-form 



$ = cr 



0123 



-0123 



(14.146) 

where {(T*;i — 1,2,3} and {(t^ i = 1,2,3} are the left-invariant one-forms of and 5'^, respec- 
tively, and a'~' and a'^ is the bi-invariant one- form of and S^, respectively. Both the metric 
and self-dual four-form are parallel with respect to the connection associated with the left-action. 
With an appropriate choice of orientation of M both submanifolds S-^ x and x are 
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generalized Cay ley calibrations. We shall focus on the investigation of the moduli space of the 
X 5*^ calibration; the study of the moduli space of x 5*^ is similar. Observe that all the 
submanifolds x x {p}, where p G x are Cayley calibrations. Therefore the dimension 
of the moduli space is at least four. In fact the dimension of the moduli space is exactly four. To 
see this one uses the fact that V = d acting on the normal vector fields of the calibration. Then 
the result follows from a partial integration argument as in the group manifold example in the 
G2 case. The moduli space of the 5*^ x 5*^ Cayley calibration is x S^. So M is a family of 
generalized calibrations for which the fibers and the base are calibrated. 

This example is a special case of a larger class of examples which can be constructed by taking a 
seven-dimensional manifold (N, g, ip) with a G2 structure which admits a associative submanifold 
X. Then the manifold M = N x with ds^{M) = ds^{S^) + ds^{N) and $ = e° A 1/' + is a 
Spin{7) manifold; * is the Hodge operation in N and is the invariant one- form along S^. In 
addition 5^ x X is a generalized Cayley calibration. 



15 The 5c)- lemma and some useful formulae 

The main tool that we shall use for the investigation of hermitian manifolds with trivial canonical 
bundle is the dd-\emma. This can be stated as follows. Let (M, g, J) be a hermitian manifold, 
and (j) and 4> be two closed (p,q)-forms. Locally one can always write 

(j)^4, + ddip, (15.147) 

for some locally defined (p-1, q-l)-form ip. Th e 9(9-le mma states that if (j> and (j) represent the 



same class in the Dolbeault cohomology, then ( 15.147 ) is valid for some (p-1, q-l)-form on M 



Let {M,g, J) be a 2n-dimensional (n > 1) Hermitian manifold with complex structure J and 
compatible Riemannian metric g. Denote the Kahler form by Q. The definitions JX and Ja, 
for X a vector field and a a one-form, are (JX)'^ = J^jX^ , {JctY = ~(q^ ° JY — —ctkJ^^ 
respectively. The Lee form 6 is defined by 

e = d^noj Oi ^ -ivs)''nkjJh (i5.i48) 

where d^ is the adjoint of d and is the Levi-Civita connection of the metric g. Equivalently 
d^il = J9. If the Lee form 6 = then the hermitian manifold is said to be balanced. Balanced 
hermitian manifolds are studied in |30[ ^ 0, I [I, |ll|. 

The Bismut connection V* and the Chern connection are given by 



5(V5,y, Z) = .g(V^F, Z) + -d'^niX, Y, Z) , (15.149) 



5(V5,y, Z) = giV^Y, Z) + ]^dn{JX, Y, Z) , (15.150) 

respectively. Recall that d" = i(d-d). In particular, d''n{X,Y,Z) = -dn{JX, JY, JZ). 

Let and be the Ricci forms of the Bismut and Chern connections respectively. Then it 
was shown in that 

p" = p^ +d{je) . (15.151) 
In complex coordinates {2^"}, a = 1, n, we have the following formulae: 
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Let r be the Chern connection. Then 

(r)i/5 = (15.152) 

and so 

(r)o = [hU = a,(log(det(g)) . (15.153) 

The Lee form is then 

Oc. = {hip - {He = (<9"3/37 - dp9o.^) = 5„(log(det(5)) - g^^dpg^^ . (15.154) 
In terms of the Chern connection, the Lee form is 

{de)^.,^d^{V)%-d^{V%^. (15.155) 
The Ricci form of the Chern connection is p'^ 

%p%^ = d-f^Dl, = 9^a„(log(det(.9)) = d-^ [g^'d^g,^) . (15.156) 



The (l,l)-part of formula ( 15.151 ) can be written in the foUowing way 
Using (|15.154|) , (|15.156| ) we obtain that (|l5.15l| ) is equivalent to the following two formulae 



^pIo = h {f^d.g^^) - {g^^d-pg,,) + {g^^d.g,^) , (15.157) 
= {de)pc, = dpOa ~ daOp . (15.158) 

16 Chern Connections with holonomy contained in SU{n) 

Hermitian manifolds which admit a Chern connection with holonomy contained in SU{n) neces- 
sarily admit a holomorphic (n,0)-form. Since the existence of holomorphic (n,0)-forms depends 
only on the choice of complex structure, this can be used to show whether a complex manifold 
admits a hermitian structure for which the associated Chern connection has holonomy contained 
in SU{n). To find whether a certain complex manifold admits (n,0)-holomorphic forms one can 
use the Kodaira-type vanishing theorems |^, |l3) together with the results in |^ . 
For complex manifolds satisfying the 99-lemma, we have the following: 

Theorem 8 Let {M, J) he a 2n- dimensional compact connected complex non-Kahler manifold 
with vanishing first Chern class, ci{M, J) — 0. Suppose [M, J) satisfies the dd-lemma. Then 

i) There exists a Hermitian structure such that the restricted holonomy of the Chern connection 
is contained in SU(n); 

ii) The Hodge number < 1. If M is simply connected then h"'^ = 1. 
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Proof: The Ricci form p'^ of the Chern connection of any hermitian structure {g, J) represents 
the first Chern class of the manifold. Therefore since ci{M,J) — 0, p'^ is exact. Because p'^ is 
also a (l,l)-form, applying the 99-lemma, we find that 

p" = iddh , (16.159) 

for some real function h on M. Next we consider the manifold M with hermitian structure 
{M,g = e^l'^g, J). Using (|l5.156| ), we find that the Chern Ricci form p^ of the new hermitian 
structure vanishes because 

i~pl^^d-pd^h + ipl^ = Q. (16.160) 

Hence, the restricted holonomy of the Chern connection of {M,gJ) is contained in SU{n). This 
proves (i). 

To show (ii), the Gauduchon plurigenera theorem ||l^ implies h"''^{M, ^) < 1 since the func- 
tion u = trace{p'^) = 0. If M is simply connected, since the holonomy of the Chern connection of 
(M,gJ) is contained in SU{n), there is a parallel (n,0)-form. A parallel (n,0)-form with respect 
to the Chern connection is necessarily holomorphic. Hence, /i"'" = 1. This proves (ii). Q.E.D. 

Corollary 6 Onk > 2-copies ofS^xS^ there exists a hermitian structure such that the holonomy 
of the Chern connection is contained in SU(3). In the conformal class of any hermitian structure 
there exists a unique (up to homothety) one with Holiy^) C S'J7(3). 

17 Bismut Connections with holonomy contained in SU{n) 

Consider the following lemma 

Lemma 1 The Bismut Ricci forms p^Tp^ of two conformally equivalent hermitian structures 
{M,g, J) and {M,g = e-^ g, J) are related by 

iPpa = iPpa + (2 - n)dpdaf ; ppa = ppa ■ (17.161) 



Proof:. It follows by straightforward calculations from (15.157) and (15.158). Q.E.D 



Theorem 9 Let [M, J) he a 2n- dimensional compact complex non-Kdhler manifold with vanish- 
ing first Chern class, Ci{M, J) = 0. Suppose (M, J) satisfies the dd-lemma and that there exists 
a hermitian structure {g,J) such that dO is a (l,l)-form. Then there exists another unique (up 
to homothety) conformal hermitian structure {M,g — e-^g,J) such that the restricted holonomy 
of the associated Bismut connection is contained in SU{n) provided n > 3. 



Proof: Let {M,g, J) be the hermitian structure with dO a (l,l)-form. Using (15.158), we find 
that the Ricci form of the Bismut connection is a (l,l)-form. Therefore it is an exact (1,1)- 
form since p^ represents the first Chern class which is zero. Applying the 99-lemma we can write 
p^ = iddf, for some real function / on M . Next using lemma ^ it is straightforward to observe 
that the Ricci form p^ of the Bismut connection of the hermitian structure {M,g = e^ l'^~'^g, J) 
vanishes. Thus, the holonomy of the Bismut connection of {M,g, J) is contained in SU(n). The 
uniqueness follows since on a compact hermitian manifold the equation g^'^d^daf = has only 
constant solutions. This completes the proof. Q.E.D. 

We remark that if the Lee form 6 is an exact form i.e. the structure is conformally balanced, 
then the above theorem applies. So we have the following corollary: 
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Corollary 7 Let {M,g, J) be a 2n- dimensional compact complex balanced non-Kdhler manifold 
with vanishing first Chern class, ci(M, J) — 0. Suppose {M,J) satisfies the dd-lemma. Then 
there exists another conformal hermitian structure (M,g — e^g, J), unique up to homothety, such 
that the restricted holonomy of the associated Bismut connection is contained in SU (n) provided 
n > 3. 

A Moishezon manifold is a compact complex manifold which is bimeromorphic to a projective 
variety. Any Moishezon manifold satisfies the 99-lemma by a result of Deligne. Alessandrini 
and Bassanelli proved in , Corollary 4.6 that every Moishezon manifold is balanced. Therefore 
from the above Corollary [7 we have the following: 

Corollary 8 Every Moishezon manifold of complex dimension n, n > 3, with vanishing first 
Chern class admits a hermitian structure for which both the Chern and Bismut connections have 
restricted holonomy contained in SU{n). 

In particular Corollary || implies that the Moishezon manifolds with vanishing first Chern 
admit a holomorphic (n,0)-form. Using the result shown in ||2^, one concludes that the torsion 
of the Bismut connection of Moishezon manifolds which are not Kahler and Hol(V'') C SU{n) is 
not closed. Therefore such manifolds may have applications in heterotic strings. 



18 Proof of Theorem |I] 

Let M denote a connected sum of fc > 2-copies of S'^ x S^. M is cohomologically Kahler, 
6i(M) = /ji'O = ^ and h^'" = h°'^ = 1 [||. According to Theorem 4.10 in if 
there exists a hermitian structure such that the restricted holonomy HoliV^) C S'[/(3), then 
the structure is conformally balanced i.e. its Gauduchon metric is balanced. Conversely, the 
existence of a balanced Hermitian structure on M leads to the existence of hermitian structure 
in the same conformal class with Holiy^) C SU{3) by Theorem ^. 

The existence of a balanced hermitian structure on a 2n-dimensional compact complex man- 
ifold (M, J) has an intrinsic characterization, namely it can be expressed in terms of positive 
currents by a theorem of Michelsohn |^ which states that a smooth compact complex 2n- 
dimensional manifold admits a balanced structure if and only if it is homologically balanced. 

We recall that the space of real currents of degree (n-k,n-k) is the dual space of A'^''^(M)fl, 
i.e. real (n-k,n-k)-forms with distribution coefficients. A compact complex manifold is balanced 
if and only if there is no positive current T of degree (1,1) which is the component of a boundary 
(i.e. if T = BS + dS and T > then T — This result has an expression in terms of Aepph 

group V^'^{M)jf. The real (l,l)-Aeppli group is defined as 

T/Mr/vn Keri^^^■.A^'HM)H^A''HM)l,) 

The Michelsohn theorem can be rewritten ||^: Af is balanced if and only if every non-zero 
positive 99-closed current of degree (1,1) represents a non-zero class in V'^'^{M)b,- 

Now, it is clear that any compact cohomologically Kahler complex manifold is balanced. 
Then, the above mentioned result of Deligne completes the proof of Theorem |l| . Q.E.D. 
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Corollary 9 Any compact 2n- dimensional [n > 2) complex manifold with vanishing first Chern 
class which is cohomologically Kdhler admits a hermitian structure with vanishing Ricci form of 
the Bismut connection. 



19 Examples 

Here we shall give examples of Bismut connections with holonomy SU{n) which can be thought 
of as generalizations of Calabi-Yau manifolds. 

Example 1 Consider the U{n) invariant metric 

ds^ = {A{r^)S^f^ + B{r^)zaZf^)dz°'dz^ (19.163) 

where Za = 5^pZ^ and z^ = Sapz^ and — S^^^z^z^ . In this case it can be easily seen that the 
connection of the canonical bundle is uJq. — izafir'^), where 

f ^{n^ l)A-^{2B - A') + (log(A + r^B))' (19.164) 

where prime denotes differentiation with respect to r^. The condition that du> = 0, necessary for 
the holonomy to be contained in SU{n), implies that 

/ = 0. (19.165) 

We remark that the Kahler case corresponds to taking B = A' . In this case the solutions produce 
the Calabi-Yau metrics due to Calabi. 

Example 2. A compact example of a hermitian manifold for which its Bismut connection 
has holonomy SU(3) is as follows. Consider the complex Heisenberg group 





Zl 




!(: 


1 


?) 










G=||^0 1 Z2 j zi,z2,z3eCj, (19.166) 

with multiplication. The complex Iwasawa manifold is the compact quotient space M = G/T 
formed from the right cosets of the discrete group T given by the matrices whose entries 2:1,^2, 23 
are Gaussian integers. The 1-forms dzi, dz2, dz^ — Zidz2 are left invariant by G and by F. 
These 1-forms pass to the quotient M. We denote by ai, a2, as the corresponding 1-forms on M, 
respectively. Consider the Hermitian manifold (M, g, J), where J is the natural complex structure 
on M arising from the complex coordinates zi, Z2, Z3 on G and the metric g is determined hy g = 
Si=i cti^cti. The Chern connection D is determined by the conditions that the 1-forms ai,a2, 013 
are parallel. The torsion tensor of D is given by C{af ,af) = —[af,a'j'], i,j = 1,2,3, where 

af is the vector field corresponding to ai via g. The only nonzero term is G{af , a'^) — —af 
and its complex conjugate. Thus, the space (M, g, J) is a compact balanced Hermitian (non 
Kahler) manifold with a flat Chern connection and automatically the holonomy group of its 



Bismut connection is contained in SU(3) by formula (15.151). The (0,3)-form ip = ai A a2 /\ 



is parallel with respect to both Chern and Bismut connections. Let ei, 62, 63, Jei, Je2, Je^ be a 
real basis determined by of = Cj — \J —XJcj. Then the real Iwasawa manifold X determined 
by £1,62,63 is a SAS calibration with respect to Reil). It admits moduli since Y ~ —Jej, is a 
SAS deformation. Indeed, U = JV = 63 is a Killing vector field on M and therefore it is also 
holomorphic by results in [jll] since the Chern connection is flat. Thus, 63 is a SAS deformation 
of X in M. 
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